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The Rotating Unbalanced Mass (RUM) device was originally developed at
NASA’s Marshall Space Flight Center by Dr. Michael Polites to provide an efficient,
accurate means of scanning space/balloon-borne gamma ray and x-ray telescopes.
The special optics in a gamma ray or x-ray telescope only allow for physical scanning
of the telescope to image the radiation source. Physical scanning requires that the
entire telescope be moved in a manner to generate the particular patterns required to
image the radiation source. Employing the RUM device on a space or balloon-borne
system reduces the complexity and power requirements compared to standard

scanning actuators such as control moment gyros (CMG), reaction wheels, or torque
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motors. To further enhance the benefits of utilizing the RUM device, pointing
actuation is currently being researched.

This dissertation focuses on the development of a complete model of the RUM
actuated system and on the feasibility study of RUM actuated pointing. This research
effort involves extensive modeling using a robotics approach known as the Lagrange
Formulation. Applying well-developed robotic kinematic and kinetic concepts to this
problem provides a systematic approach to system modeling and identifies how
individual components of the system interact. The RUM actuated system, however, is
unique in a robotics sense because of its configuration and actuation. Therefore, the
Lagrange Formulation must be modified when applying it to the RUM system. This
detailed modeling approach reveals previously unmodeled inertia, centripetal, and
coriolis terms in the equations of motion for the RUM actuated system. Obtaining this
complete model facilitates detailed control analysis, which helps determine the
feasibility of pointing actuation using the RUM device. This analysis draws from non-
linear reachability conditions and the dynamic coupling index. These discoveries give
considerable insight into control schemes and computer simulations confirm that
pointing actuation may be possible using the RUM device. An additional control
scheme, which cancels undesirable dynamic components including certain inertia,

centripetal and coriolis terms, is necessary along with possible configuration changes.
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CHAPTER 1

INTRODUCTION

Remote sensing of gamma ray and x-ray sources poses unique attitude control
challenges for balloon or space borne telescopes. The challenges include pointing and
scanning of the telescope optical systems. Pointing is two dimensional motion that
turns the telescope in a given direction for target acquisition and centering a scan on

the target. Figure 1 shows an example of a ground based telescope in pointing motion.

pointing
motion

Figure 1 Telescope Pointing Motions
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Scanning is small, localized two dimensional motion accomplished by electronically
or physically changing or moving the optics of the sensor. Figure 2 shows an example

of a ground based telescope in physical scanning motion,

scanning
motion

Figure 2 Telescope Scanning Motion

The special optics in a gamma ray or x-ray telescope only allow for physical
scanning of the telescope to image the radiation source. Physical scanning requires
that the entire telescope be moved in a manner to generate the particular patterns
required to image the radiation source. An innovative new type of actuator called the
rotating unbalanced mass (RUM) device was recently developed at NASA (National
Aeronautics and Space Administration) by Dr. Michael Polites [1,2] to accomplish the
scanning requirements of these optical systems. The RUM has proven to provide an
efficient, accurate means of scanning space/balloon-borne gamma ray and x-ray

telescopes during ground testing [3]. Employing the RUM device on a space or
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balloon-borne system reduces the complexity and power requirements compared to
standard scanning actuators such as control moment gyros (CMG), reaction wheels, or
torque motors. The next challenge is to use the device to accomplish the pointing
necessary for target acquisition and proper imaging. If the RUM device proves to be as
effective at pointing actuation as it has been at scanning actuation, considerable

actuator hardware reductions are possible.

1.1 Problem Statement

Attitude control for balloon and space-borne gamma ray and x-ray telescopes
is divided into two areas: scanning and pointing. Currently, the telescope is pointed
using an auxiliary control system (ACS) consisting of the standard CMG’s, reaction
wheels or torque motors and scanning is accomplished using the RUM actuator. The
research conducted for this dissertation is motivated by the prospect of simplifying or
eliminating the ACS by using a pointing control scheme incorporating RUM devices

for pointing actuation.

1.2 Problem Approach

Since linearized scanning models of the RUM actuated systems appear to be
inaccurate for pointing control, a systems approach to modeling and control is
incorporated that draws from dynamic modeling of robots using the Lagrange
Formulation. Applying well-developed robotic kinematic and kinetic concepts to this

problem provides a systematic approach to system modeling and identifies how
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individual components of the system interact. The RUM actuated system, however, is
unique in a robotics sense because of its configuration and actuation. Therefore, the
Lagrange Formulation must be modified when applying it to the RUM system. This
unique approach provides equations of motion that give the designer physical insight
into the behavior of the overall system and is critical in the development of pointing

control schemes.

1.3 Dissertation Overview

This dissertation describes the approach used to analyze pointing control using
the RUM device. This research focuses on the development of a complete model of
the RUM actuated system and on the feasibility study of RUM actuated pointing. The
dissertation is divided into the following chapters: Chapter 2 presents background
information on the special scanning requirements of gamma ray and x-ray optics and
how this scanning is accomplished using the RUM device. This chapter also presents
previous work on pointing control using the RUM device. Chapter 3 introduces
robotic modeling concepts that are used in Chapter 4 for the development of the RUM
equations of motion; e.g. Denavit-Hartenberg (DH) convention and Lagrange
Formulation. Chapter 4 covers RUM system kinematic modeling based on the DH
convention and RUM system dynamic modeling based on the Lagrange Formulation.
It covers, in detail, the modifications necessary when applying these robotic modeling
techniques to the RUM actuated system. Since this modeling approach is unique in a

robotics sense, the dynamic model is validated in Chapter 5. Chapter 6 examines the
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feasibility of RUM actuated pointing control by investigating several control
approaches that might achieve pointing control. This chapter addresses the nonlinear
control aspects of the system and points out control considerations for RUM actuated
systems.  Chapter 7, the concluding chapter, presents a summary of research

discoveries and suggestions for future work in numerous areas related to the RUM

analysis.



CHAPTER 2

BACKGROUND INFORMATION

The RUM device was originally developed to provide an efficient means of
scanning space and balloon borne telescopes. This chapter provides background
information on the unique requirements of gamma ray and x-ray detectors and how
they influenced the development of the RUM device. Next, it presents an overview of
RUM actuator concepts when used for scanning purposes. Finally, prior work
accomplished toward pointing control is discussed along with the necessary technical

study involving modeling and control issues.

2.1 Optical Requirements for Gamma Ray and X-ray
This section presents the needs of the user based on optical requirements of

this special remote sensing equipment.

2.1.1 Space and Balloon-Borne Systems

Gamma ray and X-ray detectors require a balloon-borne or space borne
platform for several reasons [4]:
1. Atmospheric absorption prevents much of the radiation from ever reaching ground

based telescopes. Figure 3 depicts the electromagnetic (EM) frequencies reaching
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the surface of the Earth and those absorbed or blocked by the atmosphere. X-ray
and gamma ray radiation is blocked at rather high altitudes (approximately 25 to
30 thousand feet) making it very difficult if not impossible to detect these radiation
sources from ground based sensors. In order to detect gamma ray or X-ray sources
accurately, the imaging system must be above the level of the atmosphere that is
distorting and blocking the radiation.

. Images of astronomical objects are blurred when light travels through the turbulent
and clumpy air around the Earth.

. Ground based telescopes receive stray light interference from cities and from
atmospheric auroras.

. Angular resolution is dramatically increased when using space based optical
telescopes. Space telescopes can generally distinguish details separated in angle
ten times better than ground based systems.

/ visible light

60.000
g /
9 radio micro |infrared uv
=
%
0 EFnci o
L l 1 [ | | |
5 0 2 4 -5 -6 9 -13
— X

(where: wavelength = (10® cm))

Figure 3 Atmospheric Blocking of EM Radiation [ 4]



2.1.2  Special Optics

Gamma rays and X-rays penetrate the normal 'mirror' optics of standard
telescopes without being detected. Gamma ray detectors require unique hardware such
as used in the spark detector shown in Figure 4. Gamma ray detectors track the
gamma-ray photon as it passes close to the nucleus of an atom in the target. The
photon disappears and a pair of electrons take its place. The electrons absorb the

photon’s energy and retain much of its trajectory leaving trails of ions in the detector.

: visual image
Yy-1ay . of
; shield ionizing tracks
nucleus R target
ionizing
tracks
electron detector
pair e+ e-

Figure 4 Spark Chamber Gamma Ray Detector [ 4]

Similarly, the X-ray detector requires special optics such as the grazing incidence
telescope shown in Figure 5. It uses highly polished glass tubes to direct the X-ray
radiation by placing them at high incidence angles to the source. Applying Snell’s
Law to gamma-ray and X-ray radiation provides the incidence angles needed for

proper focusing of the image.



nested array
of hyperbolond

Focus

Figure S Grazing Incidence X-Ray Detector [ 4]

2.1.3 Scanning

The special optics and the sources to be detected present some unique control
requirements for the imaging process. First, the limited field of view (FOV) requires
that the imaging device be scanned to give proper dimension to the image [5].
Referring to Figure 6, a simple example of electro-optical scanning would include a
one dimensional scan of an object orthogonal to the flight path of an aircraft. The
motion of the aircraft generates the second dimension of the image and is an example

of physical scanning.



Physica]
Scanning

Figure 6 Scanning Example

Second, since gamma ray and X-ray radiation is always present as background
radiation, it is necessary to distinguish between background radiation and source
radiation when imaging a gamma ray or X-ray source. Scanning “on target” and “off
target” identifies the flux coming from the background so it can be compared to that
coming from the source [6]. Typical scanning patterns include linear, circular, and
raster scanning as depicted in Figure 7 [5,6,1]. Gamma ray and X-ray detectors

generally require adjustable scan periods and radii to meet user needs.

linear circular raster

Figure 7 Typical Scanning Patterns
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2.1.4 Traditional Scanning Methods

The special make-up of gamma ray and X-ray detectors prevent them from

being electro-optically scanned. Physical scanning is the only option for these

detectors. Prior scanning techniques incorporated torque motors, reaction wheels,

control moment gyros or reaction control devices to generate the desired scan patterns.

A detailed description of these components is covered in Reference [7]. Basic

operation and advantages/disadvantages of each are described as follows:

1.

Momentum control devices actively vary the angular momentum of small masses
within the spacecraft to change attitude. Reaction wheels and control moment
gyros are momentum control devices. Reaction wheels vary spin speed to effect a
change in the angular momentum. They provide highly accurate, fast response
attitude control. They are complex and expensive, however, and have a large
power consumption in the scanning mode of operation. Control moment gyros
(CMG) vary spin direction to effect a change in angular momentum. The
advantages and disadvantages are similar to reaction wheels.

Reaction control devices are basically jet thrusters. The thrusters apply a force at a
distance from the center of mass (CM) to effect a torque about the CM. They can
produce fast responses but have limited use since they require propellant, which is
exhaustible. Because of their nonlinear ‘on-off” behavior, they are difficult to

control and very inefficient for scanning use since excessive propellant is required.
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3. Torque motors provide the simplest means of attitude control. Electronic motors
apply torque to a gimbaled system by ‘pushing’ against the gimbal platform. The
‘pushing’, however, can cause instability for balloon-borne gondola systems [8].
Torque motors require excessive power during scanning operation and they cannot

be used for free flying spacecraft because there is no platform to ‘push’ against [1].

2.2 The RUM Device

All of the traditional methods of scanning have serious drawbacks including
excessive weight, cost, and limited lifetime. The primary motivation for developing
the RUM device was reducing payload mission requirements. Major factors
influencing space and balloon-borne payloads are efficiency, low cost, and reliability;
the RUM device was developed to meet all these requirements. Simulation and
prototype test results have shown that the RUM device has a great advantage over
reaction wheels and torque motors in the areas of weight and power consumption
[1,3]. This section presents a brief overview of the RUM concepts. References [1]

and [3] provide excellent explanations of the RUM device.

2.2.1 Basic Concept

The concept of scanning using rotating unbalanced masses is a geometry and
physics problem involving the mechanical properties of the system. The RUM device

consists of a mass on a lever arm rotating at a_constant angular velocity. The mass

rotation generates a centripetal force that has constant magnitude but changing
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direction. This force applied through a distance from the center of mass generates a
torque about the center of mass that also has time varying direction. The time varying
torque produces the necessary scan motion, which can be circular, linear, or raster
depending on the configuration of the RUM devices [1]. In developing this concept,
several assumptions were made:
1. The center of mass is along the line of sight.
2. The line of sight is the axis of minimum principal moment of inertia (Inin).
3. The other two principal moﬁents of inertia are equal (Ipax).
4. Localized RUM motion (i.e. small angle of movement of the experiment).
5. Constant RUM velocity (constant @g).
6. The RUM device is treated as a simple actuator decoupled from the experiment
dynamics except as an input to the system.
Note: Assumptions 7 and 8 specifically apply to only balloon-borne systems.
7. The Experiment is attached to the gondola by a 2 axis gimbal system.
8. Balloon rotations are isolated from the experiment by a separate azimuth control
system.
Based on these assumptions, a linearized equation of motion for the balloon-borne

gondola system is developed in the next section.

2.2.2 Equations of Motion

For the balloon-borne gondola system configured with a RUM device as

depicted in Figure 8, torque about the center of mass (CM) of the experiment is given
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by Equation (1) [1]. The masses are 180° spatially displaced from each other and

rotate in the same direction.

elevation

cm

Figure 8 Balloon-Borne Experiment in a Circular Scan

T 0
T, |=2mwlrd| —sin(6,)
T, +cos(6;,)

0))

where:

Twosex) = torque about the line of sight (LOS), elevation (E), or cross-elevation (X)
axis fespectively (ft-lbs),

m = mass on end of lever arm of RUM (slugs),

r = length of lever arm (feet),
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d = distance from CM to attachment point of RUM (feet),
or = angular velocity of rotating mass (radians/sec),
Or = @ * t = angular position of rotating mass (radians).
Using these torques in the linearized equation of motion given by Equation (2) and

integrating twice gives the steady state scan motion given by Equation (3).

éLOS 1;1::; 0 0 TLOS

. 2
0 [=| 0 I O] L ®
6, 0 o0 IZ| 7T

where: 5()= angular acceleration about the respective axis (rad/sec’) and I = the

payload moment of inertia (slug-ft?).

GE _2mrd +sin(6R)
0, I |-cos(8y)

max

3)

where: O x) = angular rotation about the elevation and cross-elevation axis (rad). This
results in the circular scanning motion depicted in Figure 7. The radius of the scan is
given by Equation (4) and the period of the scan is given by Equation (5). Note that
the radius and period of the scan are independent of each other. This is a valuable
design benefit, making it possible to adjust the period of the scan without changing the

radius of the scan and change the radius without changing the period.

_ 2mrd @)
I

max

p
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T riod — '2—71: (5)

e 0,

For the balloon-borne experiment configured as depicted in Figure 9, torque about the
center of mass of the experiment is given by Equation (6) and results in the steady
state scan motion given by Equation (7) resulting in the linear scan motion depicted in

Figure 7.

Figure 9 Balloon-borne experiment in a linear scan

TLOS 0 (6)
T, |=2moird| 0
Tk cos(6y)
2mrd
Oy =— 7 cos(6) )

The raster scan is generated by using the linear scan configuration and superimposing

complementary motion from an auxiliary control system (ACS) that will be described
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in the next section. The development is similar for the free flying spacecraft and the

gimbaled space platform experiment. See Reference [1] or [3] for details.

2.2.3 Auxiliary Control System

An auxiliary control system is needed to supplement the RUM devices and is
usually made of traditional control devices such as reaction wheels, torque motors, etc.
The auxiliary control system is used for the following pointing and scanning purposes:
1. Target acquisition.

2. Keeping the center-of-scan on target.

3. Producing the complementary motion for raster scanning.

Figure 10 shows the test configuration of the gimbaled system using torque motors for
the ACS. The elevation and cross-elevation axis are controlled independently with
low frequency/low amplitude torques where as the RUM devices are controlled by
high frequency/high amplitude torques [1]. Low pass filtering keeps the ACS from

fighting the motion generated by the RUM devices.
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Figure 10 Test Configuration

2.3 Prior Work on Pointing Control

It has been suggested by Dr. Polites that the RUM device can be used for not
only scanning motion but also to control pointing motion. The research work
conducted through the NASA/ASEE Summer Faculty Fellowship Program during the
summer of 1996 produced promising results in the area of RUM actuated pointing
control [9]. The goals of the research program included further dynamical analysis of
the experimental system and development of microcontroller code to achieve pointing
control. The following two sections cover dynamical analysis and control analysis of

the RUM actuated pointing system.
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2.3.1 Dynamical Analysis

The dynamical analysis centers around the basic concept that a time varying

RUM velocity (@r) will produce a centripetal force having both time varying

magnitude and direction [2,9]. This force can generate a torque about the center of

mass that also has time varying magnitude and direction. Figure 11 shows a
comparison between a constant wr torque profile and a time varying o torque profile.
Note that a net torque can be generated, depending on how the RUM velocity is

varied, which in turn can generate the necessary pointing motion.

X
/ o~
constant wR

time varying (DR

Figure 11 Torque Profile about the Center of Mass

The gimbal mounted experiment is configured in the circular scan mode to ensure both
the elevation axis and cross-elevation axis have ‘steering’ opportunities. In other
words, for the circular scan configuration, RUM rotation generates torques about both
the elevation and cross elevation axis as compared to the linear scan configuration

where torque is generated about only one axis. Dynamical analysis starts with
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Equation (8) which represents the equations of motion for constant RUM angular
velocity resulting from combining Equations (1) and (2). Assuming reaction forces
from the acceleration of the RUM masses are small, pointing control will be achieved

by varying RUM angular velocity, (@r), in Equation (8).

2dmr

6, =- sin(6, )
IE

6, =29 o0s(0,) 02 ®)
X

Equation (8) yields some interesting observations [9]:

1. The elevation and cross-elevation angle dynamics are functions of RUM position
(6r) and velocity (ag).

2. The control input, wr , varies based on the position of the RUM (i.e. is weighted
by sin(Br) and cos(0r) for elevation and cross-elevation respectively).

3. The control input, wr , enters the equation of motion as a squared term. Negative
g has the same effect as positive @r and must rely on the sign changes of cosine
and sine factors to effect positive and negative accelerations.

These observations are used in the next section to develop the control input necessary

for pointing motion.
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2.3.2 Control Analysis

Dr. Polites originally proposed to use a control signal that introduces periodic
variations in the RUM rate og. The basic approach for determining the control input
is to start with a nominal RUM velocity and vary it slightly about each axis. The
nominal velocity will provide the scanning motion necessary while the rate variation
will provide the change in the net torque necessary for pointing motion. The control

input is defined in Equation (9) as:

Wy =0, +Aw, cos(6,)—Aw, sin(0,) )

where:

@,, = a constant (nominal RUM rate of rotation),

Aw, = arate variation to compensate for cross- elevation gimbal error
Aw, = arate variation to compensate for elevation gimbal error.

Since the control input is based on the position of the RUM, the rate variations must
be ‘timed’ properly to effect the desired input. The sine and cosine terms in Equation
(9) weight the rate variations to give them the proper ‘timing’. Substituting the control
input into the dynamical model of Equation (8) and eliminating small higher order

terms results in the elevation and cross-elevation axis acceleration approximations in

Equation (10).
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s 2dmr( , . ,,
0, ~- I (a)msm(GR)— 5 A(oE) (10)
§, = 2amr (cofo cos(8,) + 2 AcoX)
I, 2
i m
scanning pointing

There are several interesting observations made from this analysis:

1. The first sinusoidal terms cause the periodic ‘scanning’ motion of the main body.
2. The second terms affect the ‘pointing” motion.

Therefore, pointing control can be accomplished by introducing periodic RUM rate
variations Awx and Awg for cross-elevation and elevation axis errors, respectively,
without interfering with the scanning motion controlled by .. The control developed
around this model required a pointing controller and a RUM speed controller as shown
in Figure 12. Note that this is the control system for a single RUM device. Control
for the second RUM device is identical with the exception that the second RUM is

180° spatially displaced from the first RUM.
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dynamics

Figure 12 Control System Overview

The pointing controller uses a proportional derivative control design (PD) to provide
gimbal control via coupling to the RUM speed controller which uses proportional -
integral - derivative (PID) control. The elevation and cross elevation torque motors
are disabled leaving the RUM devices for actuation of pointing and scanning motion.
The test results are shown in Figure 13 for a small impulse disturbance input in the

elevation axis.
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Payload turned over (past 90 degrees)
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Engineer grabbed payload

Test 1: Pointing control "OFF" to prevent cable pinch.

Test 2: Pointing control "ON"
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Figure 13 Elevation Axis Disturbance Response

Pointing control test result observations:

1.

2.

Scanning motion is shown as high frequency oscillation on the plots.

Without pointing control, the system has no disturbance rejection.

With pointing control off, the system demonstrates a non-linear behavior even

before it turns over 90°. A linear system would have displayed a ramp-type

response to an impulse input instead of the exponential type response shown. This

seems to indicate there is some coupling between the RUM dynamics and the

motion of the experiment beyond simple scanning or pointing movement.

There is a large steady state error (approximately 10°) with pointing control on.

Test 2, in Figure 13, shows the best result obtained from the pointing control test

and was difficult to duplicate.

Further testing indicated there was a small stability margin.
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2.4 Necessary Technical Study

Work accomplished in the summer of 1996 indicates that pointing control may
be possible using the RUM device as an actuator. There are several open issues that
arise, however, when incorporating the RUM device and a RUM control algorithm to
accomplish the pointing control. The issues are divided into two primary areas:
Modeling issues and control issues. These issues are briefly introduced in the next

two sections with detailed treatment presented in subsequent chapters.

2.4.1 Modeling Issues

The modeling approach taken thus far has been to use the RUM device as an
actuator basically independent of plant dynamics. The dynamic model developed
previously used the RUM device as strictly a torque input. This was a valid approach
when the small angle and constant © assumptions were valid. A different modeling
approach may be necessary if these assumptions are not valid. Time varying g
generates additional reaction force terms in the modeling of the RUM device that are
neglected in the original dynamical analysis. A more accurate model should include

these terms as shown in Equation (11).

; 1)
- 2mrd 0 u
O |= | o’ sin(6;) + 7cos(9R)
9’ max
X +w? cos(8,) + Tz;—sin( 6,)

i i

centripetal components  reaction component
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where:
u = torque applied to the RUM (control input)
J = moment of inertia of the RUM

_=d)R

J

Even this model, however, may not be completely accurate. Coupling between the
system dynamics and the RUM dynamics would invalidate previous systems models.
A systems approach to modeling should be used in order to account for the possible
coupling of the RUM device to the experiment dynamics. Robotics provides a large
body of knowledge that may be applicable to the proposed model. The physical
makeup of the plant and RUM devices as seen in Figure 10 resembles the make-up of
robotic mechanisms. Using a robotics approach will allow for the mechanics of the
problem by addressing how individual components of the system interact. Applying
well-developed robotic kinematics and kinetics concepts to this problem provides a
systematic approach to system modeling. The Lagrange Formulation [10] is an
important modeling technique that appears to be applicable. The RUM actuated
system is unique in a robotic sense, however, requiring modifications to the Lagrange

Formulation.

2.4.2 Control Issues

The technical study must address several control issues that result from the

development of equations of motion for a time varying RUM velocity. Even though
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Equation (11) may not be completely accurate, it brings up the following control

issues:

1. RUM control actuation is unique in a robotics sense. Robots generally use torques
at the base and subsequent joints to generate motion at the end effector. In the
RUM actuated system, the actuator is at an end effector equivalent and is used to
generate motion about the base (or center of mass). Also, the RUM actuator is
relying on centripetal force to generate torques that cause movement at the center
of mass of the experiment instead of using directly applied torques.

2. A nonlinear system model and large angular motion require a different control
method. Well-developed robotic control methods involving feedback
linearization, adaptive control, or nonlinear trajectory control appear to be more
appropriate than linear control methods [10,11,12,13].

3. The system displays “periodic controllability” [14]. Periodic controllability is a

term used to indicate the periodic nature of the control signal. The RUM device

generates the sine and cosine terms in the centripetal and reaction components of
Equation (11). These terms have a periodic effect on the “steering” opportunities

for each axis.

2.5 Conclusions
This chapter presents a brief summary of the RUM development and
preliminary research in the area of RUM actuated pointing control. The basic concept

employed uses a time varying RUM velocity that produces torques about the center of
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mass of the experiment having time varying magnitude and direction. These torques,
in turn, effect pointing motion. Experimental testing indicates that pointing control
may be possible but considerable research is necessary. The technical study must
address several issues to improve pointing performance of the RUM actuated system.
Modeling and control issues indicate a systems approach is necessary to account for
“periodic controllability” and possible coupling of the RUM device to experiment
dynamics. Chapters 3, 4 and 5 treat the modeling issues in detail and Chapter 6 treats

the control issues.



CHAPTER 3

SYSTEMS APPROACH TO MODELING

The modeling approach presented in References [1] and described in Chapter 2
treats the RUM device as an actuator that operates independent of plant dynamics.
The dynamic model developed in Chapter 2 treats the RUM device as strictly a torque
producing device. This is a valid approach when the small angle and constant ®
assumptions are satisfied. A different modeling approach is necessary if these
assumptions are not valid, as in a pointing control application. Equations (1) through
(7) are developed under the small angle and constant o assumption. Equation (11),
developed for time varying ®, does not consider large angle motion seen in the
experiment or coupling dynamics linking the RUM to the payload (or telescope). A
systems-level modeling approach must be used to accurately account for the coupling
of the RUM device to the telescope dynamics.

Robotics provides a large body of knowledge that is applicable to the model.
The physical makeup of the plant and RUM devices, as seen in Figure 8, resembles the
make-up of robotic mechanisms. The robotics approach addresses individual
component interaction thus identifying detailed dynamics not found in simpler

modeling techniques. Well-developed robotic kinematics and kinetics concepts

29
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provide a systematic approach to system modeling of this problem. This chapter
presents an overview of the general modeling approach applying the Lagrange
Formulation. It is organized in a ‘top-down’ manner starting with basic concepts of
the Lagrange Formulation including expressions for the kinetic and potential energy.
Since these expressions require kinematic calculations, kinematics is presented next.
Finally, an outline of the Lagrange Formulation steps is given to summarize the entire
process. The formulation results in a dynamical model of the entire manipulator in
terms of all joint variables. The equations of motion give the designer physical insight
needed to understand the behavior of the overall system. Chapter 4 describes the

Lagrange Formulation specifically applied to the RUM actuated system.

3.1 Lagrange Formulation - Basic Concepts

The Lagrange formulation [10] is derived from Hamilton’s principle, one of
the most basic principles of mechanics [15]. The development presented here is based
on a robotics application. Figure 14 shows a general system of N components or links.
The variable ¢; at each joint defines the link’s motion within its own frame of
reference, thus making the g:‘s independent from each other. The ¢; can be a
rotational variable for a revolute joint (Joints 1 and 2 of Figure 14) or a translational
variable for a prismatic joint (as in Joint N of Figure 14). The motion of link i affects

the motion of links i+1 to N for an N link system.
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Figure 14 - N Link Manipulator

The Lagrange Formulation provides a systematic approach to dynamic modeling that
accounts for the effects of the joint motions on system dynamics. The objective of the
Lagrange Formulation is to relate the joint position variable, g;, and the joint velocity
variable, ¢;, to the potential and kinetic energies of the system. The kinetic and
potential energies are then used to develop the Lagrange Energy Function which in
turn is used to calculate the equations of motion for the entire system. The Lagrange

energy function for a system is defined in Equation (12). The variable Fis a vector of

N independent variables as previously defined, G(¢) = [ql ®» - qy (t)]T , describing

the motion of a manipulator with N joints. K(e) and P(e) are the kinetic energy and

potential energy expressions for the manipulator respectively.

- - - 12
L(q>q>t):K(qnqat)_P(q’t) ( )

Once the energy function is specified, the equations of motion for the manipulator are

obtained through the Euler-Lagrange equation defined in Equation (13).
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_ ) (13)
d|9L(4,4,1) | _0L(4.,4,1) _ F
dt| o4, g, ’
Where: i=1,..., N and F; is the generalized, non-conservative force acting in the

direction of the g; coordinate (i.e. external forces, frictions, etc.). The general model
resulting from the Lagrange Formulation is of the form defined in Equation (14). The
first term on the left side of the equation is associated with the manipulator inertia.
The second term represents the coriolis and centripetal forces and is associated with
the manipulator kinetic energy. The third term signifies the gravity effects and is
associated with the potential energy. The term on the right side of Equation (14)
specifies the generalized forces acting on each joint. In robotics, this term represents

the control input(s) to the system.

. .. (14)
H(@)§+CG.9a+G(@) =F

Expressions for the kinetic and potential energies as functions of the joint variables,
g and Z}', must be developed for each link of the system to use the formulation in

Equations (14). The kinetic and potential energy expressions are developed in the

next few sections.

3.1.1 Potential Energy
Potential energy is a function of the position of the manipulator components
therefore it is configuration dependent. The configuration can be described as a

function of the joint variables, g, thus making potential energy a function of §as well
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[16]. Equation (15) represents the general form of potential energy for the ith link of

the system connected to the i-1 coordinate frame as shown in Figure 15.

i i i-l,ci
where: m; = mass of ith link, g = gravity vector, and 7._, .= position vector for ith link

center of mass in reference to the i-1 coordinate frame.

base frame

Figure 15 - Relative Position of Link Center of Mass

The total potential energy of the system is the sum of the potential energy of each
link, since potential energy is a scalar quantity. To accomplish this summation, each
term in the summation must be represented in a common reference frame. In robotics,
the base coordinate frame is generally used as the common reference and the gravity

vector is expressed in that frame. Therefore the position vector, 7 must be

i~1,¢i>

represented in the base coordinate frame. This involves a homogeneous
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transformation which accounts for translation and rotation between coordinate frames
based on g;, the joint variable. Let 4,™’ be the homogeneous transformation between
frames i-1 and 0, the base frame. Then the total potential energy, P, can be expressed

as in Equation (16).

N
P= ZmigTA(l)—l;';—l,ci (16)
i=1

This concept will be discussed further in the development of kinematic equations in
Section 3.2 to follow. In summary, the potential energy is a function of Gbecause the
position vector represented in the base frame involves homogeneous transformations

that are a function of §.

3.1.2 Kinetic Energy

The kinetic energy of each link is developed in a manner similar to that for
potential energy. However, the calculations are complicated by the fact that the total
kinetic energy is composed of translational and rotational components. Equation (17)
represents the kinetic energy for the ith link of the system. The first term is the

translational kinetic energy based on linear velocity vector, ¥, of the center of mass

of the link. The second term is the rotational kinetic energy based on the angular

velocity vector of the link and the moment of inertia of the link, @,and I; respectively.




(17)

Since kinetic energy is a scalar function, the total kinetic energy of the system is the
sum of the kinetic energy of each link provided there is a common frame of reference
for the calculations. This requires a mapping function called the manipulator Jacobian

that relates the joint velocities, ¢,, to linear and angular velocity in base frame

coordinates (Figure 16).

Joint Jacobian 4
Space

Base Coord
System

v, 0

Figure 16 - Manipulator Jacobian Mapping

—

The relationship between the linear velocity, v, and joint velocities is described in
Equation (18) [16 ].
5. =J§ (18)

where: J,, =the 3 x N linear velocity Jacobian for the ith link,

q:'= the vector of N joint velocities for an N link system.
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Similarly, the relationship between the angular velocity, @,, and joint velocities is

described by Equation (19).

@, =J' G (19)

where: J, = the 3 x N angular velocity Jacobian for the ith link. Since these
Jacobians are configuration dependent, they are functions of §. Thus, kinetic energy
is generally a function of §and §. The calculations for the Jacobians are addressed in

Section 3.2.3 to follow. The manipulator Jacobian accounts for the mapping of Zj to

vand @ in the base coordinate frame but does not take into account how these terms

are multiplied in Equation (17). The linear terms can be multiplied without reference
to any particular frame since the product ¥.¥, is simply the square length of the
vector ¥, . Transforming ¥, into a different reference frame does not change its

length, but only rotates it [17]. Therefore, the translational kinetic energy for link
can be expressed as in Equation (20).

209

Similarly, the triple product of @] I,@, in the rotational kinetic energy term does not

need to be referenced to any particular coordinate frame thus making the summation
of the translational kinetic energy and the rotational kinetic energy in Equation (17)

possible without regard to any particular reference frame. There is a requirement,
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however, that @, and I be in the same frame in order to calculate the triple product.
In the calculation of @, in Equation (19), multiplying § by J puts @, into the base
coordinate frame. Therefore, ; must be expressed in the base frame or @, must be
transformed into the same frame in which J; is expressed. It is generally simpler to
express /; in the link coordinate frame. Therefore, @, will be expressed in the link

frame as shown in Equation (21).

- i i = (21)
@, = (R, 1)T']Aq

where: Ry is the rotational transformation from the base frame to the ith link frame.

Note that Ry! is an orthogonal submatrix of the homogeneous transformation 44",
Therefore, (R;)” is the inverse of R/~/. Thus, the rotational kinetic energy can be
expressed as in Equation (22).

| 1 =T yil pi-1 i-INT i > (22)
_Z'wi 1,0, ZEq Jy R LR J,q

It follows from Equations (21) and (22), the total kinetic energy of an N link system

can be expressed as in Equation (23).

(23)

1ap| & iT i il pi- i i
K =5qu:zmiJLTJL +JATR0 l[i(Ro I)TJA:IQ

In summary, the kinetic energy requires a mapping between joint space

velocity variables, q , and the base coordinate frame velocity variables, v and @ thus
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making kinetic energy a function of § and § since the Jacobian (mapping function) is a
function of §. The next several sections discuss the calculations of the kinematics of

a mechanical system. These kinematics are required in order to accomplish the

mapping necessary for the potential and kinetic energy calculations.

3.2 Kinematics

Kinematics is the branch of mechanics that deals with the motion of rigid
bodies without reference to their masses or forces producing the motion [10].
Basically, kinematics defines the geometry of the system, and the coordinate systems
chosen determine the mathematical relations developed. The objective of kinematic
modeling is to determine the cumulative effects of the entire set of joint variables.
Kinematic modeling can be divided into two areas: Position kinematics and velocity

kinematics. In each area the goal is to relate knowledge of the manipulator joint
variables, ¢ andc‘j’ , to the movement of the entire system. The next several sections

describe this relationship.

3.2.1 Position Kinematics

Position kinematics involves the representation of points in one reference
frame to that of another frame. Figure 17 shows the position vector of point P in
reference to different frames. If knowledge about point P is obtained in one frame,

position kinematics enables that knowledge to be represented in another frame.



Figure 17 - Position Representation

The tool for accomplishing these different representations is called the homogeneous
transformation [16]. In general, this transformation accounts for rotations and
translations in three dimensional space by using a matrix of the form shown in
Equation (24).

4= [R3"3 dm} - I:" otationsubmatrix translatzonvector} 24

- Sis  Sia perspectivevector  scalingvector

This matrix converts the coordinates of a point expressed in the ith (x;,y;,z;) coordinate
frame to the coordinates of the same point described in the i-1 (%i.1,i.1,2i1) coordinate
system. The translation vector describes the translation between the origins of the i-1
and ith coordinate systems. The rotation matrix is a 3x3 submatrix specifying the
rotation of the ith coordinate system relative to the i-1 coordinate system. The scaling

factor can be used to adjust the desired scale for the components of the translation
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vector but is generally specified as 1 for robotics applications. The perspective vector
may be applied to determine the position (size) of an object image using the focal
length of a camera for optical sensing but will be zero in this robotics application. The
components in this matrix are functions of the joint variable § and the manipulator

configuration. Therefore, in order to represent point P (in Figure 17) in terms of
reference frame O given its position vector in reference frame N, the following

transformations must be used.

p p @25)
[1°]=A;A:---A::.l[ ]

]

Note that the position vectors must be augmented by 1 to account for the translational
part of the transformation. If the transformation is purely rotational, then A,

simplifies to Equation (26). A short hand notation given for Equation (26) is

Rotaisangle Which specifies the axis and angle of rotation.

Aii_l — R3x3 O
0 1

(26)
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If the transformation is purely translational, then 4;, simplifies to Equation (27). A

short hand notation given for Equation (27) is Transaysdisance  Which specifies the axis

and distance of translation.

4, = [1 3x3 d3x1:l
0 0

Different combinations of these two simple forms can result in the representation of

27)

transformations between any two reference frames. For example, point P in Figure 18
can be represented in two reference frames. The frames are separated by a distance -a
along the xo axis and the rotation @ about the z, axis. 6 is measured from the xy axis to

the projection of the x; axis into the 0™ frame.

p

o
LN Y1
p " TR

...........

Yo

Figure 18 - Example Transformation

Letting R, be the rotation submatrix of A}, the problem can be broken down into a

simple rotation and a simple translation as shown in Equation (28).
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(28)
P, =RP, +d]

cosf —sin@ 0 —a

A P sin@ cos@# O O [P,
= Rot, ,Trans_, ==
1 i 11 0 0 1 01
1

0 0 0

Multiplying the rotation and translation matrices results in the homogeneous
transformation, 4,, between frames 0 and 1. This approach allows for a large amount

of flexibility in determining transformations between reference frames. A more
systematic approach is the Denavit-Hartenberg (DH) convention addressed in the next

section.

3.2.2 Denavit- Hartenberg (DH) Convention

The DH convention is a systematic approach that uses the minimum number of
parameters to describe kinematic relationships by restricting the types of rotations and
translations allowed [10]. Rotations and translations are only allowed about or along
the x and/or z axis. The joint variable, g;, is also restricted to a single variable per
joint always about or along the z axis defined for that reference frame. The joint
variable is further restricted to be either a single translational variable or a single

rotational variable but not both. Applying the DH convention to the homogeneous

transformation results in an A, matrix defined in Equation (29).
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A, = Rot, , Trans, , Trans_, Rot, (29)

where[10]:

6, = angle of rotation about the positive z;.; axis measured from the positive x;.; axis to
the positive x; axis (or its parallel projection) where the positive direction is
counterclockwise (joint variable for a revolute joint),

d; = offset distance measured along the z;; axis from the origin of the i-1 frame to the
intersection of the z;.; axis and the x; axis (joint variable for a prismatic joint),

a; = link length measured along the x; axis from the origin of the /" frame to the to the
intersection of the z; axis and the x; axis (constant),

a; = twist angle between two joint axes measured about the positive x; axis from the
positive z;.; axis (or its parallel projection) to the positive z; axis where the positive
direction is counterclockwise (constant).

Figure 19 shows an example of applying the DH convention to a simple manipulator.
Table 1 lists the parameters for each joint of the system. Note that the ( ) signifies
the joint variable, ¢;, and that the joints are numbered starting with 1 at reference

frame 0.
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Figure 19 - DH Convention Example

Joint a o4 d; 9,
1 a 0 0 01
2 az 180° 0 02
3 0 0 ds” 0

Table 1 - Joint Parameters

The general form of the homogeneous transformation incorporating the DH

convention is shown in Equation (30).

cosf, -—sinf, cosa; sinf;sina, a,cosb,
; _|sin6, cosf,cosq;, -—cosfsina, a,sinb, (30)
4, = .
0 sin cosq, d,

0 0 0 1
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There are several advantages to using the DH convention in the development
of kinematic relationships. It provides a systematic approach to defining these
relationships with only 4 parameters. It also makes the manipulator Jacobian
calculations simpler since the joint variable, g, is always defined with reference to the
z axis in the local frame. There are some disadvantages, however, to using the DH
convention. The main drawback is that a “dummy link” or “dummy joint” may have
to be incorporated to abide by the restrictions placed on the homogeneous
transformation. In the RUM actuated system development presented in the next
chapter, a “dummy link” and 2 “dummy joints™ are required in order to apply the DH

convention to this system.

3.2.3 Velocity Kinematics
Velocity kinematics involves the development of the manipulator Jacobian
discussed in Section Kinetic Energy which relates the joint velocities, g, to linear and

angular velocities in the base coordinate frame. The following development assumes

the DH convention is used to set up the kinematic relationships.

3.2.3.1 Angular Velocity Jacobian

The angular velocity of link j attached to the revolute joint j is the vector

@; =%, ,q; as shown in Figure 20. If the angular velocity of link j is written in the

base coordinate frame, it can simply be added to angular velocities from other revolute

joints when they are also written in the base frame.
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Z,
e »> ¢ qj
base frame g o .
z z, joint j \

Figure 20 Angular Velocity Vectors for Revolute Joints

A prismatic joint adds no angular velocity to the system. Therefore, the total angular

velocity of the ith link, in reference to the base frame, is the sum of all the angular

velocities contributed by the 1 to 7 revolute joints. Joints /+1 to N do not contribute to

the angular velocity of the ith link. Equation (31) demonstrates this vector addition.

~*tot

@, |+ @y ot B et D,

i
(]!

i

-

=byq +bq, +”'+5j—1q.j +"'+I;;—1qi
= J;lq‘I +J.:zqz +".+J.i1jq.j +"'+J;iqi
=J,q

where: b, = R]"'Z,_ , the representation of Z ;1 In the base frame

J, = the angular velocity Jacobian for thei® link.

(31
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Therefore, the jth component of the angular velocity Jacobian for the jth joint is
simply l_).j_l for a revolute joint and zero for a prismatic joint. Equation (32)

summarizes the construction of the angular velocity Jacobian, Ja! , for the ith link.

i =1V i " 32
Ja=\Jq - JAJ. e Jy 0 e 0] (32)
where: JL,- _ b, , forarevolute Jom.t
0 for a prismatic joint

3.2.3.2 Linear Velocity Jacobian

Similarly, the linear velocity of the center of mass of link j attached to the

prismatic joint j is the vector ¥, = Z, ¢, as shown in Figure 21. If the linear velocity

of link j is written in the base coordinate frame, it can simply be added to linear
velocities from other prismatic joints when they are also written in the base frame.

Therefore, the jth component of the linear velocity Jacobian for the jth prismatic joint

—

is b, ,, the representation of Z,_, in the base frame.
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Figure 21 - Linear Velocity Vectors for Prismatic Joints

The development of the linear velocity Jacobian for a revolute joint is more
complicated, however, since a revolute joint contributes a linear velocity term that is
tangential to the motion of the link. Figure 22 shows the linear velocity contribution

of revolute joint j to the center of mass of link /.



center of mass
of link 1

joint j

Figure 22 - Linear Velocity Vector for Revolute Joints

The velocity vector of the center of mass of link 7 can be written as in Equation (33).

(33)

— —

V, =0; XF,_,

Where: 7, ,is the position vector from the jth joint to the center of mass of the ith

link. Once this velocity vector is written in terms of the joint variable and the base

coordinate frame, it can also be added to other linear velocity terms. This requires that

@;and 7, ,be written in terms of the base frame. The angular velocity vector is

equal to @, = b. . as presented previously. To represent the position vector, 7, , ;,
J 7 1q_) p p y J-1ci

in the base coordinate frame requires vector addition as shown in Figure 23.
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Figure 23 - Position Vector Representation

Since 7, ;and 7, ,, can be represented in the base frame by using the homogeneous

transformations developed for the system, 7, , ; is represented in the base frame by

-1,ci

their vector subtraction as seen in Equation (34).

—

Foci—Toja=T

o,ci J=1ci

(34)

Where 7, ;and 7, ,_, are represented in the base coordinate frame. Therefore, the ith

link’s linear velocity contribution from the jth revolute joint is represented in Equation

(35).

V. =@, XF,_ .
T (35)
= (bj—lqj) X (7. "ra,j—l)

= (Ej—l X (’_g,d - Fa,j—] ))q,
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The total linear velocity of the ith link, in reference to the base frame, is the sum of all
the linear velocities contributed by the 1 to 7/ prismatic and revolute joints. Joints i+1
to N do not contribute to the linear velocity of the ith link. Equation (36) demonstrates

this vector addition.

Stot

e TR AXIE S

S R L SR ) (36)

=J14
Where J] is the linear velocity Jacobian for the ith link. Equation (37) summarizes the
construction of the linear velocity Jacobian for the ith link.

Jo=[r e gy e T 0 e 0] (37)

Where - sz _ { ;j_l x(f,—T,,) forarevolute joint

i1 for a prismatic joint

3.3 Summary of Lagrange Formulation Steps
In summary, the Lagrange Formulation results in the dynamic equations of
motion for mechanical systems. The process involves several steps in determining the

relationships between joint variables and kinetic and potential energy. This
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information is then used to calculate the Euler-Lagrange equations of motion. This
section provides a brief outline of the steps to the Lagrange formulation using the DH
convention.
Step 1. Assign a coordinate frame to each joint of the manipulator.
e  Use the DH convention when it is appropriate.

Step 2. Define coordinate frame parameters for each joint: a;, o, d;, 6; .
Step 3. Determine the homogeneous transformations between each coordinate frame

using Equation (3.19) repeated here.

cosf, -sinf,cosa; sinf;sina; a;coso,

4 = sind, cosf,cosa; —cosf;sine; a;sinb,
i-1 .
0 sina; cosq, d,
0 0 0 1

Step 4. Determine the position kinematic equations relating each link of the
manipulator to the base coordinate frame.
Step 5. Determine the velocity kinematics.
e Requires calculation of the Manipulator Jacobian for each link using

Equations (32) and (37) repeated here.

J;=[J;'“ o JU e 0 e 0]

Ji = I;j_, for a revolute joint
Y 0 for a prismatic joint

Ji":[JZ] o S e JL0 e ()]
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g { 13;._1 x (o4 —T, ;1) forarevolute joint
L — g

i1 for a prismatic joint
e Use Manipulator Jacobian to calculate linear and angular velocities from

i joint velocities using Equations (31)and (35)repeated here.

coordinate frame using Equation (16) repeated here.

Step 6. Calculate the potential energy for each link with reference to the base
| s T gi-l3
‘ P=3 mg 47T,

i=1

Note that r; will have to be augmented by 1 when multiplying by Ag' to account
for the translational part of the homogeneous transformation.
e Requires calculation of the position vector of the center of mass of each
link relative to the base coordinate frame using the kinematic equations
from step 4.
Step 7. Calculate the kinetic energy for each link with reference to the base

coordinate frame using Equation (23) repeated here.

1ol il i iT i i- i |5
K =5qT[ZmiJLTJL +JIRI(R; l)TJA]q
i=1
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Step 8. Calculate the Lagrangian energy function, L(§,.), by subtracting potential
energy from kinetic energy.
Step 9. Calculate the equations of motion for the manipulator through the Euler-

Lagrange equation defined in Equation (13)repeated here.

4|0LG,q.) |_oLG.qD _
at| o4, oq,



CHAPTER 4

RUM-ACTUATED SYSTEM MODELING

There are several benefits to applying Chapter 3 concepts to modeling the
RUM actuated system. It is a systematic approach to modeling complex systems and
it produces a complete dynamic model. Applying the Denavit-Hartenburg coordinate
convention and the Lagrange Formulation to standard robotic manipulators is
generally straightforward since robots are designed specifically and efficiently to
perform certain tasks. There are certain drawbacks, however, to directly applying this
formulation to the RUM actuated system. The RUM system is unique in a robotics
sense since it is not an efficient use of joints or links and is under-actuated, having
only the RUM torque motors for actuation. It would take six links and joints (some
dummy) to represent this system that only has three degrees of freedom. Certain
physical properties of the RUM system can be used to reduce the system order and
complexity if taken into account during the modeling process. Therefore, in order to
benefit from the systematic, detailed aspects of the Lagrange Formulation without
unduly complicating the model, special insight and some modifications are required.
All RUM actuated systems will require similar modifications and considerations when

applying the Lagrange Formulation. The modifications are divided up into two

55
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groups: Kinematic modifications and dynamic modifications. The development of the
RUM actuated system equations of motion using these modifications is presented in

this chapter.

4.1 Kinematic Modifications

Recall that the objective of kinematic modeling is to determine the cumulative
effects of the entire set of joint variables. The next several sections will discuss
physical properties of the RUM system along with modeling assumptions, position
kinematic modifications and velocity kinematic modifications used to reduce model

order and complexity.

4.1.1 Modeling Assumptions and System Properties

Three modeling assumptions are made during the development of the
equations of motion. The first assumption is that no rotational motion about the line of
sight axis is possible. This is a valid assumption for the test configuration described in
Chapter 2 since the gimbal mount only allows cross-elevation and elevation axes
motion. The second assumption is that the RUM mass arms are controlled to maintain
the 180° spatial displacement. Note that the masses are not physically held in these
positions by hardware but must be controlled to maintain this displacement. This
property allows a model reduction since the RUMs can be treated as a single actuator.
The last assumption, that the mass of the RUM link may be treated as a ‘point mass’

located at the center of mass of that link, is a valid 'assumption since the mass of the
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RUM is much larger than the mass of the rod attaching the RUM to the telescope and
the center of mass of the RUM link is located near the end of the link arm. This

assumption also allows for a simplified model as discussed in Section 4.1.3 to follow.

4.1.2 Position Kinematic Modifications

Position kinematics must be used to properly model the RUM positions,
regardless of the modeling approach used. Certain considerations in position
kinematics, however, will simplify the velocity kinematics and system dynamics
developed in Sections 4.1.3 and 4.2 respectively. Figure 24 shows the RUM actuated
system diagram. Since the circular scan RUMs are the only actuators used in this
model development, the elevation and cross-elevation torque motors have been
removed, as well as the linear scan RUMs. The joint variables are identified with 6;

as indicated.
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Figure 24 - RUM Actuated System Diagram

There is a 2-degree-of-freedom gimbal joint at the center mount of the beam (or
telescope). Since the DH convention is used, this joint will be modeled with two
distinct coordinate frames with origins separated by a distance of zero. The telescope
body can be modeled in several ways. Each method results in the same equations of
motion but requires different calculations for the velocity kinematics. The telescope is
treated as a single link to simplify the velocity kinematics in Section 4.1.3. However,
several dummy frames and joints must be included in the model to ensure the proper
configuration of the RUM system and to account for the geometry of the system.
Figure 25 shows the coordinate frames used to model the RUM system. Reference
frame O signifies the elevation axis motion while reference frame 1 signifies the cross-

elevation axis motion. The DH convention also requires that a “dummy” link and
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joint be used between reference frames 1 and 2. Reference frames 3 and 5 signify the
attachment points of the RUM actuator. Reference frames 4 and 6 are attached to the

end of the RUM mass and are required to determine the relative displacement of the

RUM mass from the other reference frames.

telescope body Y4 RUM
A X4 / mass
r . N ¥z
joint 3 and 5
joint 6 o« Y2
Ys r \ 3
PN ‘\} K
— ey N
’\ % joint 4 %
- \.\ Ve z
. Yi 0,
Xe
\l Zs 2%
joint2 ¥ X
bl Z
/
Ao % joint 1
mass %o
Yo

Figure 25 - RUM System Coordinate Frames (DH Convention)

Table 2 defines the joint parameters for the RUM actuated system. In order to
maintain the correct telescope orientation, 90° must be added to the 0, variable. The
parameters defined by () are the joint variables, q. To ensure that the RUMs are

kept at the 180° spatial displacement, “— r’ is used in the 6™ joint parameter and the
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RUM rotation variables, 85 and 64, will be set equal to each other in the dynamic

modifications in Section 4.2. This modification simplifies the calculations and enables

a reduction of the system order later in the development. Note that joints 3 and 5 have

all constant parameters. These are required for kinematic ‘bookkeeping’ to ensure

compliance with the DH convention and the proper orientation of the telescope and

RUMs.  Although the position kinematics are complicated because of two ‘dummy’

joints, the velocity kinematics can be simplified since the constant parameters do not

add dynamics to the system model.

Joint 3 o; d; 0;
1 0 +90° 0 0
2 0 +90° 0 0, +90°
3 0 0 d 0
4 r 0 0 04
5 0 0 -d 0
6 T 0 0 0

4.1.2.1 Homogeneous Transformation Modifications

Table 2 - RUM System Joint Parameters

The RUM system is unique in terms of robotic homogeneous transformations.

Normally, a kinematic chain of equations relates the N link to the base coordinate
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frame by passing through all the other links. However, a RUM link (or arm) is
attached to each end of the telescope requiring distinctly different kinematic chains.
Therefore, the homogeneous transformations and the kinematic equations go from the
base frame O out to frame 4 for the first RUM. For the second RUM, the
transformations and equations go from the base frame 0 through frames 1 and 2 again,
and then to frames 5 and 6. MapleV'™, a symbolic computation program, was used to
facilitate these calculations. Appendix A provides detailed results of the homogeneous
transformations. The kinematic equations for the first and second RUMs are shown in

Equations (38) and (39) respectively.

Ay = A AT A A} (3%)

AS = ALA2A3AS (39)

4.1.2.2 Potential Energy Simplification

Since the system is gimbaled at the center of mass of the telescope, the
potential energy of one half of the telescope is equal and opposite to the other half of
the telescope when calculated in terms of the base coordinate frame. Therefore, the
potential energy of the entire telescope is equal to zero since the two halves cancel
each other when added. If the 180° spatial displacement is maintained between the
masses of the RUM arms, their potential energy will be equal and opposite as well
thus resulting in a zero potential energy. Therefore, assuming a 180° RUM spatial

displacement, the total potential energy of the entire system is zero.
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4.1.3 Velocity Kinematic Modifications

The physical properties analyzed in the previous sections facilitate the
development of velocity kinematics. The different links of the RUM actuated system
contribute different components to the kinetic energy. Each link can contribute a
linear velocity term, an angular velocity term or both as shown in Equation (40)

repeated here from Chapter 3.

1p| & iT yi i il
K= Eqr[z mJy Jy + Ji{RIR'J, ]q (40)
i=1
f f
linear velocity angular velocity
terms terms

These terms are based on the mass of each link, the inertia about the center of mass of
each link, and the velocity of the center of mass of each link. Figure 26 shows the
five links of the RUM actuated system and RUM and telescope centers of mass

necessary for analysis.
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Figure 26 - Links of the RUM Actuated System

Links 1 and 2 have zero kinetic energy since there is no mass or inertia in either link.
The mass and inertia of the telescope is contained entirely in link 3. Modeling the
telescope as a single link simplifies the kinetic energy calculation for link 3 since it
rotates about its center of mass. This motion produces only rotational kinetic energy
since the link rotates about its center of mass and the center of mass does not translate.
Modeling links 4 and 5, the RUM arms, as point masses further reduces the
complexity of the velocity kinematics. Even though the RUM arms are rotating, they
contribute only a linear velocity term to the kinetic energy. This is due to the fact that

for a point mass model, there is no inertia about the center of mass and the rotation
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occurs about a point other than the center of mass. These modifications result in a

total kinetic energy consisting of only three terms as described in Equation (41).

Kotal = K3 Rotational + Ka,Transtationat + K Transtationat (41)

There is one drawback, however, to these modifications. The notation used in Chapter
3 is no longer valid and considerable care must be taken when calculating the
manipulator Jacobians. A systematic approach must still be used since there are
intricate kinematics involved primarily because of the complexity of the RUM motion
in reference to the base frame. Appendix B shows detailed calculations for the RUM

system Jacobians.

4.2 Dynamic Modifications

The kinematic modifications made in the previous sections reduce the
complexity of calculating the system’s kinetic energy and allow further reductions of
the dynamic model presented in this section. Although the specific notation used in
Chapter 3 is no longer useful because of the modifications necessary for modeling the

RUM system, the basic concepts are still valid. The Lagrange energy function,
L(G,3,1), requires the calculation of only three kinetic energy terms since potential

energy is zero. Applying the Euler-Lagrange equation discussed in Chapter 3,
(repeated here in Equation (42) below), will result in the desired equations of motion

but in a very unstructured form.
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410L@,q.1) |_ LG40 _ @2)
dt| 24 g, '

H

The results of Equation (42), require significant manipulation to separate the sixteen
inertia terms and sixteen coriolis/centripetal terms into a form similar to Equation (43)
(repeated from Chapter 3). Note there are no gravitational terms in the RUM system,

since potential energies cancel.

H@i +CGHi +G@G)=F

"o 0 @
inertia  coriolis/ gravity
term centripetd term
tem

The form presented in Equation (43) is desirable since it provides considerable insight
into model validation and controllability (discussed in Chapters 5 and 6). A more
systematic and algorithmic approach, presented by Spong and Asada [17,16], takes
advantage of the relationship between the kinetic energy coefficients, the inertia terms,
and the coriolis / centripetal terms. Recalling that the Jacobians, J, and the rotation
matrices, R, are functions of the joint variables, ¢;, Equation (44) shows the

relationship between the kinetic energy coefficients and the inertia matrix, H(q).
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coefficient matrix

~

1 -7 & iT 7i iT Tri|> (44)
‘z‘q ZmiJLJL+JARiIiRiJA q
i=1

| TS
=—G'H
5 (9)q

1Y & .
=52 Dk (D,

i=1 =1

where: A ;(g) is the (i,j) component of H(g). There are four independent joint
variables, q; through q4 , corresponding to 6, 0,, 04, and 66 for the RUM system.
Therefore, the Jacobians, J; and J/, are 3x 4 matrices, resulting in a 4 x 4 coefficient
matrix for the kinetic energy equal to the H(§) matrix. Equation (45) shows a further

relationship between the inertia matrix, H(g), and the coriolis / centripetal matrix,

C@G.9). [17]

N1|6h , ©Oh, Oh 45
Gy = Zl e U/ “9
2 oq;

where: ¢y is the (k,j) component of the C(§,4) matrix, which is also a 4 x 4 matrix

for the RUM system. These calculations result in the system of equations in the form

of Equation (46) below. Detailed values are given in Appendix C. |
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hy h, hy h|dq Ch Cn €y Cu |4 3!
hy hy hy by |4, + Cn Cn €3 €y |4, _|% (46)
hy hy hy 0|4, ¢y €, 0 01¢g, 73
hy hy O hylg,| |cy ¢ O 0 g4, Ts

where: hy is a function of § and cy is a function of Gandg. Analysis of the

components of the H(§) and C(§,§) matrices reveal certain relationships allowing
further simplifications. The H(g) matrix is symmetric and, due to system
configuration, hj3=his and hys=hzs.  Therefore, hs;=hs; and hs;=hss. System
configuration also helps simplify the C(§,§) matrix with the following relationships:
C13=Ci4, C23=Co4, C31=Ca1, and C32=Cs2. Assuming that 6, =6,,0, =6,,6, =6, (ie.
position references, velocities and accelerations are the same for both RUM devices)

and noting that torque is applied only at the RUM torque motor, Equation (46) reduces

to Equation (47).

h By 240G |60 6 26,4 0
By By 28| G 1 Hey ¢ 26,(|6|=|0 47)
hy by hy |G| |c, & 04 |5
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4.3 Summary

Efficient modeling of the RUM actuated system requires numerous
modifications to the standard Lagrange Formulation presented in Chapter 3. The
modifications void the standard notation used in Chapter 3 but result in a simplified
model. Directly applying the Lagrange Formulation to the RUM system would result
in six equations of motion with only three degrees of freedom present. The
modifications presented in this chapter enable a reduction of system order, without
loss of system details, resulting in three equations of motion for the system model.
The approach taken in this chapter, however, is unconventional in robotic applications.
Therefore, it is critical to validate the model to ensure that the modifications were
accomplished correctly. Chapter 5 discusses this validation using several different

methods.



CHAPTER 5

MODEL VALIDATION

The modeling approach described in Chapter 4 borrows from robotic modeling
methods, but is unconventional in a robotic modeling sense. Therefore, it is necessary
to validate the model. Analytic analysis, simulation tools (including Maple™ and
Matlab™), and experiments provide model validation. This chapter discusses

kinematic model validation and dynamic model validation.

5.1 Kinematic Model Validation

Validation of the kinematic model is critical to subsequent development of the
dynamic equations of motions. Kinematics errors will result in errors in the model
dynamics due to misrepresentation of the system configuration. Matlab™ simulation
results, shown in Figure 27a. — 1d, validate the kinematic equations for the following
parameters: RUM radius (r) = 0.5 feet, distances between telescope gimbal and RUMs
(d) =2.5 feet. A different joint variable is put into motion for each simulation. The
patterns traced indicate the end position of the mass of each RUM. Comparison of
these simulations to analytical solutions confirms that the kinematic model is correct.

This validation helped identify and correct a configuration error in the orientation of

69
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the telescope resulting in the 6, + 90° term for the joint 2 parameters seen in Table 2 of

Chapter 4.

z axis (base frame)

x axig (base frame)

a. Elev and X-Elev axis motion w/out RUM  b. X-Elev axis motion w/ RUM motion

motion

z axis (base frame)

x axis (base frame)

08 z axis (base frame)

x axis (base frame)

d. Elev and X-Elev axis motion w/RUM

c. Elev axis motion w/ RUM motion

motion

Figure 27 Kinematic Simulations

The dynamic model is validated in several steps detailed in the following
subsections. An analytic validation is accomplished by first applying the Lagrange

S.2 Dynamic Model Validation
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Formulation to a simple, known, mechanical system to ensure the approach is valid for
a known system and to gain insight into application to the RUM actuated system.
Then, the RUM system inertia and the coriolis/centripetal matrices are investigated to
ensure they have the proper form. Next, the RUM model developed in Chapter 4 is
compared to other models presented in Chapter 2. Finally, an experimental validation
is accomplished by comparing the experimental results with the Matlab™ simulations

of the system in the different modes of operation (i.e. scanning and pointing).

5.2.1 Pendulum Example

The first validation uses a robotics approach to apply the Lagrange
Formulation to a simple, known, mechanical system to confirm the validity of its use
and provides some understanding into how to apply it to more complex systems. The
kinetic energy calculations of a pendulum system can help identify errors in the RUM
model. A simple pendulum system, shown in Figure 28, is used to validate the

approach,
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Figure 28 Simple Pendulum

The pendulum has a known equation of motion [18] given by Equation (48).

ma’d +mgasin 6 = —k6 (48)

or

ma*d + k6 + mgasin @ = 0

where: k6 is the generalized friction torque at the joint.

Applying the Lagrange Formulation to the pendulum system results in the
same equation of motion. The process of modeling the pendulum gives considerable
insight into application of the Lagrange Formulation to the RUM actuated system. The
“link” of the pendulum system is similar to the link of the telescope system contaihing

the RUM mass. Each is modeled as a point mass with center of mass at the end of the
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link arm.  Since the links are modeled as point masses, the inertia about the center of

mass of each link is zero. Therefore, the kinetic energy will only have a translational

component and not a rotational component. This is an important discovery that can

help identify inertia errors in the RUM model.

S.2.2 Verifying Matrix Properties

Certain properties of the inertia and coriolis/centripetal matrices can also be
used as analytical tools to validate the model. The inertia matrix, H, will be
symmetric if the modeling process is performed properly [17]. Results from Chapter 4
indicate that the 4x4 H matrix (before the model reduction) is symmetric for the RUM
system. In fact, this symmetry is one of several properties used to reduce the order of

the model. Further investigation of the H matrix and the coriolis/centripetal matrix, C,

is performed by investigating the properties of N(7, é’) defined in Equation (49).

NG9 =H(@-2CG.9)
(49)

If the calculations for C and H are correct, N(§,§) will be skew symmetric. That is,
i of N satisfies n; = - m;. The proof of this property is given in [17]. Calculating

N(q, Z}') for the RUM actuated system results in a skew symmetric matrix.
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5.2.3 Model Analysis

Two models are available for comparison with the model developed in Chapter
4. These models have certain limitations and assumptions associated with their
development. The purpose of this section is to determine if the model developed in
Chapter 4 yields the simple models under the same assumptions. The next subsections
briefly describe the different models, including their attributes and limitations,

followed by an analytical comparison of each model.

S.2.3.1 Model Descriptions

The models described in this section are the equations of motion developed
using the different modeling techniques employed in Chapter 2 and Chapter 4. Model
1, repeated here in Equation (50), was developed in Chapter 2 assuming a constant

speed RUM and treats the RUM as an actuator independent of telescope dynamics.

Oros 0 (50)
Oy |=2mrd| - 1.6} sin(8,)
Gy 1762 cos(6;)

The attributes of Model 1 include:
1. Simplicity permits a closed form solution.
2. Elevation and cross-elevation axes are not coupled.

3. RUM arm is coupled to the telescope only through the centripetal terms.
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4. Constant RUM speed is assumed.
5. Small angular displacement in the elevation and cross-elevation axes is assumed.

Since Model 1 does not account for variations in the RUM speed, Model 2 was

developed in Chapter 2 assuming a variable speed RUM and is repeated here in

Equation (51).
B.0s 0
O | = 2mrd| I;'[-67 sin(6,) + 6, cos(6,)] (51)
Oy 17163 cos(8) + by sin(6;)]
fl f
centripetal reaction
components components

The attributes of Model 2 include:

1. Model 2 is slightly more complex than Model 1 but still fairly simple.

2. Elevation and cross-elevation axes are not coupled.

3. RUM arm is coupled to the telescope only through the centripetal terms and
reaction terms.

4. Variable RUM speed is assumed.

5. Small angular displacement in the elevation and cross-elevation axes is assumed.

Model 3 is the reduced order, detailed model developed in Chapter 4. It has equations

of motion shown in Equation (52) where h; and c; are as previously defined in

Chapter 4 and Appendix C.
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h by b)) (G G 2|4 [O (52)
By By 230G [Hew ¢ 25| |=|0
hy by hy |G| ey ¢ O (4] |5

Equation (52) must be put into a form similar to Equations (50) and (51) using the
equations of motion for the line of sight, elevation and cross-elevation axes to allow
for comparison of the models. From the model developed in Chapter 4, q; represents
Ox, q2 represents &, and g3 represents fx.  The line-of-sight angular motion is
physically constrained to zero by the gimbal mount, allowing the equations of motion
for the line of sight, elevation and cross-elevation axes for Model 3 to be written as

shown in Equation (53).

605 ) 0 (53)
QE = hzr_zl (~h,0x 2hz3 c21 X 0229 20239)11)
Oy hlhll(—hn 2}’13 =0y 0120 20136 )

The Model 3 attributes include:

1. Model 3 is a detailed model involving complicated, nonlinear terms.

2. Shows coupling between the elevation and cross-elevation axes.

3. Shows coupling of the telescope with the RUM arm through inertia terms and
coriolis/centripetal terms.

4. No assumptions made about RUM speed, valid for all operating conditions.

5. Also provides an equation of motion for the RUM link (i.e. éR) when in the form

of Equation (52).
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5.2.3.2 Model Comparisons

The models developed in Chapter 2 and described in the previous section contain
only the equations of motion (eom) for the line of sight, elevation, and cross-elevation
axes of the RUM actuated telescope. Model analysis is accomplished by comparing
the line of sight axis eom, elevation axis eom, and the cross-elevation axis eom
between models. An analytic comparison of the models reveals that under certain
assumptions, the model developed in Chapter 4 (Model 3) reduces to Model 1 and
Model 2. Reducing Model 3 to Model 2 requires the following assumptions:

1. No cross-coupling in the inertias of the elevation and cross-elevation telescope
axes. The RUM is coupled to the telescope inertias only through the h;; and hys
terms.

Result: Inertia matrix has constant diagonal elements and two, time varying, off

diagonal elements.

2. Zero telescope centripetal and coriolis effects. Also, zero coriolis effects between
telescope and RUM axes. The only effects retained in the model are the RUM
centripetal terms.

Result: All C-matrix elements are zero, except for ¢13 and c,3 in Equation (53).

3. Let & be small, so cos(6) =1 and sin(é) = 0.

Result: Equation (54), which is the Model 2 with a few minor differences.




78
0105 0 (54)
b, |=2mrd| I'[6%sin(6,)~ 6, cos(8,)]
6, +1'[6; cos(,) - b, sin(6,)]

Note that the terms in Equation (54) are shifted 180 degrees from the terms in
Model 2 shown in Equation (51). Since the choice of reference frame changes all
the relationships by 180 degrees, the eom’s are not altered by the difference in
frame selection. Therefore, the results show that Model 3 contains the reaction
force model.

Reducing Model 3 to Model 1 requires the same three assumptions listed previously

plus an additional assumption;

4. Constant RUM speed. The 6'?'R (RUM acceleration) is zero and HR (RUM velocity)
is constant.

Result: Equation (55), which is Model 1 with terms shifted 180 degrees similar to

Model 2.

éLOS 0

L iy (55)
O |=2mrd| I.'6sin(8;)

6, —I76: cos(6,)

Therefore, the results show that Model 3 contains Model 1 as well

5.2.4 Experimental Validation

Experimental validation is performed by comparing Matlab™ simulation

results with the actual NASA test system experimental results. Numerous tests were
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conducted on the NASA experiment and documented in [19]. There is an important
distinction between these tests and those reported earlier by Polites [3,20]. Earlier
tests confirmed accurate scanning and pointing performance when auxiliary gimbal
control actuators and closed-loop gimbal control are employed. The tests described
here are conducted without gimbal control thus evaluating the open-loop response of
the system. Since the goal of the present testing is to validate a new model of the
open-loop system dynamics, these test results cannot be compared to the findings
reported earlier. This section describes how the simulations were accomplished by
introducing different representations for Models 1 and 2. This section also compares
simulation results with experimental results under different modes of operation
including a constant RUM speed mode of operation, start-up transient response, and a

variable RUM speed mode of operation.

5.2.4.1 Model Form

Putting Model 3 into a robotics framework helps identify the input to the RUM
torque motors necessary for different operating modes. The models are put into the
same format, namely H(§)d +C(4,§)§ =7, to facilitate simulation. The control
input is through the T term, which is the input torque vector to the different joints.
This is significantly different than Polites’ original model in which he used a torque

input about the elevation and cross-elevation axes generated by the centripetal force of

the RUM. In the above form, however, the torque input to the RUM actuated system
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is z=[0 0 2'3]’ showing that the cross-elevation and elevation joints are unactuated

(i.e. 71 and 1, are zero). T3 controls the speed of the RUM arms through input torque
to the RUM torque motors. Equation (52) shows Model 3 already in this form. Since
Model 1 and Model 2 are contained in Model 3, they can easily be put into this same
form as shown below in Equation (56) and (57). Note that these equations are shifted

by 180 degrees to permit comparison with Model 3.

I, 0 0 1¢] [0 0 26mrdgsin(g,))|[4,] [0 (56)
0 Iz 0 1g,|+|0 0 2(mrdgcos(q;))| ¢, |=|0

0 0 Il 4 00 0 qs 73

I, 0 -2mrdcosq,)]d,] [0 0 2mrdgsin@ )] 4] [0]  7)
0 I, 2mrdsin(g) [ 4,|+|0 O 2(mrdg,cos(q,))| q,|=|0

0 0 Trom 4 0 0 0 g 73

In this form, both models contain an equation of motion for the RUM arm. This gives
the designer considerable insight into how to apply the desired torque to the RUM
arm. This form also gives model flexibility by allowing friction or disturbances at the

different joints through the torque inputs (11, 72, 73).
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5.2.4.2 Matlab™ Simulations
In the Matlab™ simulations, the equations of motion are numerically
integrated to solve for Gand §. A numerical integration is required for the detailed
model because of the complexity of C, H and H' and the lack of a closed form
solution for §. Model 1 and Model 2 are simulated using the same techniques to

ensure that differences in numerical techniques do not contribute to differences in the
simulations. Matlab™ contains numerous numerical integration procedures called
ordinary differential equations (ODE) solvers. They are intended to solve a general
system of differential equations of the form y=f(f,y), where ¢ is the scalar
independent variable and y = y(1) is the vector of dependent variables. This ODE
solver is based on the classic Runge - Kutta method [21]. This method treats flty) asa
function of two independent variables, samples the function for several different
values of these variables, combines the samples to approximate the Taylor series, and
integrates the resulting approximation over one time step. ODE 45 is used in the
RUM system simulations. The digits 4 and 5 refer to the order of the underlying
method. ODE 45 employs two approximations, one of order 4 and one of order 5, and
uses their difference to estimate the error in each step. The order is roughly the
number of terms in the Taylor series approximation.

To put the RUM actuated system into ‘first order’ form consistent with

Y= f(t,y), the six state variables are defined as:
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x,=q, (elevpostion) x, =4, (elev velocity)
x,=¢q, (x-elev position) X5 =, (x-elev velocity)
x; =g, (RUM position) Xs =G, (RUM velocity)

The resulting “first order’ differential equation is shown in Equation (58):

= 03 3 13 3 - 03 3
= N R (58)
¥ {om N el

where: H and C were previously defined in the Chapter 4 calculations. The control
input, 7, is the single torque input to the RUM torque motors. The Matlab™
simulations use several M-files containing RUM system parameters. Figure 29 shows

the flow diagram for the simulations.
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System parameters
mr,d I

Initialize
t t

start > ° stop

v

a -
H (xi,l »%; 25 xi,s)aH (xi,l s X2, xi,a),c(xi)
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Figure 29 Flow Diagram for RUM Simulations
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The system parameters used for the RUM actuated system simulation are specified

below and are consistent with the test configuration shown in Chapter 2.

m = 155 slugs
d=2.5 feet
r=0.5 feet

I (te]escope a]ongxaxjs) = I (te]escwe a]ongy axis) = 26 Slug - ﬁ2 (Speciﬁed iIl reference ﬁame 2)
Note that this numerical integration technique was successfully tested on the simple

pendulum system to validate its use for the RUM system.

5.2.4.3 Constant RUM Speed Analysis

Polites’ analysis in Chapter 2 and [3,20] indicates that a constant RUM speed
should generate a circular scanning motion. Constant RUM speed is implemented
using a RUM torque command based on velocity feedback. Proportional control is

used to generate the commanded torque given in Equation (59).

7; = proportional gain (Velocity RUM,reference — V€lOCity RUM . actual) (59)

=k ,(constant — g,)

This torque is generated in the Matlab™ thetadot.m program. The initial conditions
are based on the assumption that the system is in the steady state scanning mode

already. That is, the RUM is rotating at a constant speed and the telescope is
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scanning. For a RUM reference speed of m rad/sec and RUM position (q3) of O

radians, the initial conditions are:

Xo =[x0,1 Yo2 X3 Xos4 Xps xo,s]r

T
=lo 2mrd 0 2mrd r 0 (60)
Iy I,

Figure 30 shows a comparison between the experiment and simulation results for each

of the models. Note that the initial offset bias is removed from the experimental data.

Experimental Data Elevation position vs X-Elevation position
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a. Actual Experiment b. Model 1
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Figure 30 Constant RUM Velocity Simulation Results
Observations:

1. Scanning is a “steady state” mode.

2. The experiment radius of the scan is .015 radians with a period of 2 sec.

3. There are some unmodeled disturbances in the experiment observed by the
fluctuations in the scan pattern. There are a number of possible sources for the
disturbances including imbalances in the system, control cable interference,
friction, etc.

4. All 3 models closely approximate the experiment in the scanning mode with a

radius of approximately 0.015 radians and a 2 second scan period.

5.2.4.4 Start-Up Transient Behavior.

The start-up transient response simulation is conducted with all initial

conditions set to zero (i.e. the system is at rest). Torque is then applied to the RUM
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actuator to accelerate to and maintain a constant speed of © rad/sec. The simulation

results are compared to the experimental results in Figure 31.

Experimental Data Elevation pasition vs X-Elevation position
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Figure 31 Start-Up Transient Response Simulation Results
Observations:

1. The experiment shows small fluctuations in the transient response presumably

caused by the synchronization of the RUM arms to the 180° spatial displacement
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position.  After the fluctuations settle out, a fairly constant steady state scan is
observed with no significant offset.
2. Model 1 shows significant errors in the transient behavior of the model compared
to the experimental results. It shows a large offset in both the elevation and cross-
elevation axis.

3. Models 2 and 3 show similar results observed on the experiment.

5.2.4.5 Variable RUM Speed Analysis.

This section investigates the behavior of the experiment and all three models
when a variable RUM speed is introduced to the system. A variable RUM speed can
be generated by adjusting the RUM joint torque input (t3). Equation (61) shows one

such possibility for varying the RUM speed.

(61)

. . A
G3ery = NOminal speed + E—cos(q3 +¢)

73 = kp (q3(rq') -4)

Where A is the change in maximum to minimum RUM speed and ¢ is a phase shift
term used to adjust the location of RUM acceleration and deceleration in each
revolution. Applying the torque in this manner generates a RUM velocity profile

shown in Figure 32. Note that the nominal speed is w rad/sec and ¢ = n/4.
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Figure 32 RUM Velocity Profile

Viewing the velocity profile on a polar plot in Figure 32 reveals where the RUM is
accelerating and decelerating in each revolution. Note that since there is no feedback
from the elevation and cross-elevation axes present in T3, these simulations address the
open loop behavior of the system. The results of applying this torque to the
experiment and models are shown in Figure 33. Note that A = 0.1 for the Model 1
simulation and A = 1.0 for the other simulations. The larger A is used to determine if

a larger velocity change may increase the offset in the elevation and/or cross-elevation

axes.
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Elevation position vs X-Elevation position
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Figure 33 Variable RUM Velocity Simulation Results

Observations:

The control input from Equation (61) alone has little noticeable effect on the

L.

experimental systems pointing motion. That is, significant changes in the average
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cross-elevation and elevation angles are not possible using the control input (61)
alone.

2. Model 1 predicts significant effects on the instrument pointing motion by using the
control input (61) alone. It shows a large offset in both the elevation and cross-
elevation axis.

3. The reaction force model predicts no noticeable effect on the instrument pointing
by using control input (61) alone. Even the larger A has no noticeable effect.

4. The detailed model predicts a very small, long term effect on the pointing angles.
The detailed model is in agreement with the behavior observed in the experimental
system. The predicted effect is small, however, and may be easily washed out by
imperfections in the actual experiment (e.g. nonlinear friction at the gimbals,
gravity, cable tensions, etc.). Again, the larger A has no significant effect.

5. Even though Model 1 does not agree with either the experiment or the other two
models, it does give insight to how instrument pointing can be achieved by a
modified control. In other words, the control input (61) may not be suitable alone,
but may be effective if augmented by other control effort. This is explained

further in Chapter 6.

S.3 Summary

Validation of the RUM actuated system model involves several techniques. Since all
of the dynamics depend on the position and velocity of each component, the

kinematics of the system must be validated to ensure proper system configuration.
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The data presented in this chapter has validated the dynamic model analytically and

experimentally. Further, the dynamic model is shown to contain the simple models

and does not contradict the experimental results.



CHAPTER 6

FEASIBILITY OF RUM ACTUATED POINTING CONTROL

A detailed model is very important when considering the control of the RUM-
actuated system. The difference between the models is significant. Model 1 and
Model 2 have limited use in pointing control design since they do not consider large
angular motion in the elevation and cross-elevation axes which is the goal for the
pointing control schemes. They also neglect coupling between the elevation axis and
the cross-elevation axis and some coupling between the RUM arm and these axes.
Knowledge of this coupling may be essential when considering a control scheme
because of the limited number of actuators in the system. Therefore, the model
developed in Chapter 4 and validated in Chapter 5 is necessary when investigating
pointing control schemes. Models 1 and 2, however, can lend insight into the
controllability of the RUM actuated system. In this chapter, the feasibility of RUM
actuated pointing is examined by analyzing the open loop response of the system to
different control inputs. Open loop response here means no cross-elevation or
elevation motion information is used for the feedback control. Figure 34 shows the
general control scheme used in this chapter. Note that the RUM motion is used for

feedback control of the RUM velocity only.
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Several different control schemes are investigated for pointing actuation using
the RUM devices. Pointing control using simple RUM rate variations is examined
first, followed by feedback ‘cancellation’ analysis. Next, since these two control
schemes raise issues regarding the controllability of the system, system controllability
(or reachability) and a coupling index are discussed. Finally, variable gimbal braking

and variable RUM arm length are considered as possible additions to the pointing

Figure 34 General Open-Loop Control Scheme
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6.1 Pointing Control Using RUM Rate Variations

In this section, Polites’ control scheme presented in Chapter 2 is investigated.
Polites proposed to use a control signal that introduces periodic variations in the RUM

rate, or. The suggested control input is repeated here in Equation (62).

Wp = O, + Awy cos(6y) — Aw, sin(6,) (62)

where:

@ro : a constant (nominal RUM rate of rotation)

Aay : arate variation to compensate for cross-elevation gimbal error

Awe : arate variation to compensate for elevation gimbal error
Recall that the sine and cosine terms in Equation (62) weight the rate variations to give
them the proper ‘timing’. In Chapter 2, this control scheme was implemented in a
disturbance rejection test. Here, the control scheme is applied to Model 3 (full model)
and is used to determine the feasibility of pointing control. The variable RUM speed
analysis conducted in the Chapter 5 investigates this type of control input for constant
rate variations (Aay and Aag). Note that since there is no feedback from the elevation
and cross-elevation axes, these studies address the open loop behavior of the system.
The following conclusions can be drawn:
1. The control input from Equation (62) alone has little noticeable effect on the

experimental systems pointing motion. That is, significant changes in the average
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cross-elevation and elevation angles are not possible using the control input (62)
alone.

2. Model 1 predicts significant effects on the instrument pointing motion by using the
control input (62) alone.

3. Model 2 predicts no noticeable effect on the instrument pointing by using control
input (62) alone.

4. Model 3 predicts a very small, long term effect on the pointing angles. Model 3 is
in agreement with the behavior observed in the experimental system. The
predicted effect is small, however, and may be easily washed out by imperfections
in the actual experiment (e.g. nonlinear friction at the gimbals, gravity, cable
tensions, etc.).

5. Even though Model 1 does not agree with either the experiment or the other two
models, it does give insight to how instrument pointing can be achieved by a
modified control. In other words, the control (62) may not be suitable alone, but
may be effective if augmented by other control effort. This is explained further in

the next section.

6.2 Pointing Control using Feedback ‘Cancellation’

Analysis of the Model 1 suggests that pointing control of the system should be
possible if the undesirable dynamic effects of the RUM acceleration and deceleration
can be cancelled. The more detailed models 2 and 3 indicate that cross-coupling and

other nonlinear dynamics are significant and cannot be ignored. From the controller
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design viewpoint, it is suggested that these nonlinear effects be cancelled by feedback
control [19]. The idea is very similar to feedback linearizing control, which has been
proven in robotics control (but called “computed torque control”) to give linear
closed-loop dynamics to systems that are inherently nonlinear [17]. In the RUM
application, however, closed-loop dynamics consistent with that predicted by the
nonlinear Model 1 is the goal, rather than linear closed-loop dynamics. From the
previous variable RUM speed analysis, reaction forces can be identified that prevent
pointing from happening. When the reaction terms are taken out, pointing is possible

as shown in Figure 35.

Elevation position vs X-Elevation position
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Figure 35 Variable Speed Control on Model 3 without Reaction Forces
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In order to accomplish this feedback cancellation a significant amount of cross-
coupling must be present since the system is under-actuated. That is, the system has
more joints (and degrees of freedom) than actuators. The RUM actuated system has
three degrees of freedom and a single actuator since the RUMs are held at 180° spatial
displacement. The restriction on the RUM phasing ties their motion together and
causes them to become a single actuator. Dynamic coupling between the RUM arm
and the telescope is necessary for the single actuator to affect motion about the
elevation and cross-elevation axes. This requires the determination of system

controllability, discussed in the next several sections.

6.3 Controllability Analysis Tools.
A system is said to be controllable at time 7, if it is possible to transfer the
system, with some control “#’, from any initial state ¥(¢,)to any other state X(t,)ina

finite interval of time [22]. This section provides several valuable tools used in the
determination of system controllability. To lay the foundation for controllability of
the non-linear RUM system, a linear system analogy is described first. Then, non-
linear system controllability is discussed, followed by the development of a coupling

index used for under-actuated system analysis.

6.3.1 Linear System Control Analogy

Consider the linear system model given by Equation (63).
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. 63
X=AX+Biu (63)

where: ¥ =n x 1 state vector
# =m x 1 control vector
A =n x n system matrix

B = n x m input matrix

The system is said to be completely state controllable if every state is controllable.
The states of the RUM actuated system are the position and velocity of each joint
variable as discussed in Section O to follow. Every state is controllable if and only if

the n x n controllability matrix given by Equation (64) has rank » [22, 24].

64
B 4B ... 4'B| ©9
6.3.2 Nonlinear System Controllability (Reachability)
Consider the non-linear system model given by Equation (65).
(65)

X=f(X)+g(i

where: ¥ = nx 1 state vector
#= mx 1 control vector
J (%) and g(¥) = vector functions of the states
The ‘controllability condition” of Equation (65) is given by the linear independence of

the vectors in Equation (66) similar to the linear systems described previously [13].



100

le. ad,g, -, adig] (66)

where:

ad,g=[f,g] =Ve f-Vf-g
ad;g =[f,ad; g]
Vf =0f/x (nxnmatrix)
Vg=0g/0x (nxnmatrix)
[£&] is known as the Lie Bracket of f and g. Note that for linear systems, Equation

(66) becomes the controllability matrix |B 4B --- 4™'B|.

6.3.3 Coupling index

Using the Lagrange Formulation (i.e. H(§)§+C(,3)§ +G(§) =t) for the
RUM actuated system facilitates the use of numerous robotic analysis techniques.
One technique that is particularly useful for control analysis is the coupling index
developed by Bergerman, Lee, and Xu [23]. The coupling index is a measure of
dynamic coupling present in under-actuated systems. Under-actuated refers to
systems that have more joints than control actuators. Some examples of under-
actuated systems are robots with failed actuators, legged robots with passive joints
and hyper-redundant (snake like) robots with passive joints. This tool will provide
insight into the coupling available for control and help determine system
controllability. This section briefly explains the indexing process and its use for

determining controllability of a nonlinear system.
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To use the coupling index technique, the system equations of motion must be
put into a form that reveals the relationship between active and passive joints.
Equation (67) provides this relationship for a system with:
n = total number of joints,
r = number of active joints (joints with actuation),

p = number of passive joints.

Hpa pr q.P bP 0

Where: q, = active joint angles

(67)

qp = passive joint angles
b = coriolis, centripetal, and gravitational terms
Note that this H matrix may not always equal the conventional inertia matrix but the
properties are preserved such as symmetry and positive-definiteness [23]. From
Equation (67), the relationship between the acceleration of the active joints and the
passive joints is represented by Equation (68).
H,q4,+H,4,+b, =0
or (68)
4, =~H H,4,~H,b,
= clq:a -H 1—71]7517
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This can be rewritten as:

. . (69)
q,+H,b,=Mg,

The term on the left side of Equation (69) is viewed as the virtual acceleration of the

passive joints. Therefore, analysis of how active joint acceleration (4,) effects

passive joint acceleration ( ('jp ) involves careful study of the M, matrix. The following

results apply to the M, matrix [23]:

1. Ifrowi,1<i<p,in matrix M, contains only zeros, the ith passive joint cannot be
controlled via dynamic coupling with the active joints.

2. If r <p, then r passive joints can be controlled at every instant, while p-r
passive joints cannot. The p — r passive joints will depend linearly on the
acceleration of the other 7 joints.

3. In order to independently control all p passive joints, at least p actuators are
necessary.

This analysis tool is used in Section 6.5 to help determine the dynamic coupling and

controllability of the RUM actuated system.

6.4 Reachability Analysis —- RUM Actuated System

This section uses the controllability condition tool to make comparisons
between the three models representing the RUM actuated system. Model 1 and Model

2 exhibit the two extremes of the controllability condition. Model 3 appears to be
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somewhere in between as will be explained below. Approaching the controllability
issue in this way sheds considerable light into a very complex topic.

The RUM actuated system consists of the six state variables previously defined

in Chapter 5:

x =q, (elevpostion) x,=¢q  (elevvelocity)
x,=¢q, (x-elev position) x5=¢q, (x-elevvelocity)
x,=¢q, (RUM position) X =G, (RUM velocity)

Putting the RUM actuated system into Equation (65) format results in Equation (70):
. 10 0
x=| 0 k| i (70)
0,, —H'C H

where: H and C were previously defined in the Chapter 4 calculations. The control
input, 7, is the single torque input to the RUM torque motors. This causes the system
to be under-actuated as discussed previously. To accurately describe this under-

actuated system for controllability analysis, g(x) must account for this single input.

03x3 I3x3

Therefore, for 7 = [0 0 Ts]T’ f&) = [Om —HC

}'c’, g(x¥)is the last column of
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6.4.1 Model 1 Controllability Condition

For Model 1, the controllability condition matrix is Equation (71) where s(q3)

and ¢(q3) stand for sin(qs) and cos(qs) respectively.

(71)
ce =
0 0 —4dq, i(_%_) -6 dq; c(q;) qu.33 s(q;) 10 dq.34 c(q,)
rIx rIx rIx rIx
0 0 4dq'3 c(q3) _ 6dq32%2 _ 8dq.33_c(_q3—2 10dq34£(&—)—
rIy rIy rIy rIy
mr
PP CORPTIC RPAE (A RPYRTCAJPE N,
x rlx rlx r]x rlx
0 —4dq, _(@ 2d6732 ‘{(q—s) qu'33 .C;(_q_l)_ ) dq; s(g;) —2d q-35 c(g;)
y r]y rIy rIy rIy
Lmr |

There are several interesting observations:

1. The matrix (cc) is a function of RUM position and velocity only (g, and g, ).

2. The matrix is full rank no matter what the RUM position is as long as the RUM is
rotating (i.e. velocity # 0).

3. Even though the matrix is full rank, the RUM position effects sparseness of the
matrix. This in turn implies less control effectiveness to the RUM actuation. A
comparable example would be control of the lateral dynamics of an airplane
actuated using only rudder input [24]. Even though the controllability matrix has

full rank and the system is controllable, the maneuverability of the airplane would
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be greatly degraded with this type of control. “Controllability does not guarantee a
high-quality control, it just guarantees that all the states can be manipulated to zero
in some fashion in some finite time.”
. The above observation indicates the periodic nature of the controllability for the
system as discussed in Chapter 2. Equations (72) and (73) show how the
controllability matrix changes as the RUM position goes from q3 = 0° to g3 = 90°

respectively. Note ¢,= 7 rad/sec.

[ 7’ Al
0 0 0 —6d— 0 10d —
r, rl,
3
0 0 4% o -sdZ
rIy rIy
o L o 0 0 0
cc= mr
0 0 2a% 0 2 0
'3 A (72)
3 5
0 -4dZ o 27 0 247
rIy rIy rly
L 0 0 0 0
L mr _1
i n p ]
0 0 —4d — 0 8d — 0
1/ H,
7’ z
0 0 0 —6d — 0 10d —
rly rIy
0o - o 0 0 0
cc=| mr s s
0 44 o -—2a% o 2aF (73)
Hl, rl, rl,
2 4
o o 2% o 2% o
rIy rIy
Lo 0 0 0 0
| mr i
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6.4.2 Model 2 Reachability Condition

For Model 2, the controllability condition matrix is given by Equation (74).

0 _2a%%B) 5 o o 9
r,

0 L C O
rl,

0 - 0000 (74)
C=| cost@) o sin(g,)

2d5‘¥3— 2d50,"%2 0 0 0 0
rx X

_ g 5i0(4:) _qu.3£(_)_s_(q3_) 000 0
r, rl,

L 0 000 0

L mr J

There are several interesting observations made from this analysis:

1.

2.

The matrix is also a function of RUM position and velocity only.

The matrix never has full rank; it always has a rank of 2.

Since the matrix is less than full rank, Model 2 caﬁnot be controlled at every
instant in time. Scanning motion, however, is controllable for Model 2.
Conclusion: the system dynamics produce the necessary motion for scanning even
though they are not always controllable.

In calculating the Lie Brackets for columns 3, 4, 5 and 6, the
Vg f and Vf - gterms completely negate each other, resulting in the zero vectors.
This is due to the reaction terms in Model 2. Therefore, the reaction terms negate |

a significant part of the controllability of the system.
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6.4.3 Model 3 Reachability Condition

For Model 3, the Lie Brackets associated with Equation (66) quickly become
very complicated due to the complexity of the Model 3 representation. Maple™ was
used to facilitate calculation of the Lie Brackets for Model 3. Because of the
complexity and recursive nature of higher order Lie Brackets, Maple™ was only able
to calculate the first three Lie Brackets. The calculations for the first three Lie
Brackets show linearly independent vectors in the controllability condition matrix. The
following conclusions result from the controllability analysis of Model 3:

1. The cc matrix is a function of all states.

2. Since the complexity of the Lie Brackets increases with each recursion, it appears
that the controllability matrix will be full rank. The full rank matrix seems to be
due primarily to the cross-coupling between axes which does not appear in Models
1 and 2. Because the cc matrix is a function of all states, there may be certain
states (i.e. positions and velocities) that cause the cc matrix to lose rank and thus
system controllability. This is unlikely because of the complexity of the matrix.
However, a decrease in control effectiveness and system maneuverability may
occur at certain states.

3. Because Model 3 encompasses both Models 1 and 2, it has a controllability
condition somewhere between Models 1 and 2. Model 1 represents a system that
is completely controllable and Model 2 represents a system that is not controllable

at every instant in time.
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4. The analysis done here and in Section 6.1 seems to indicate that Model 3
represents a situation where the system is controllable but the ‘maneuverability’ is
poor and it must rely on large inputs and system dynamics to accomplish certain
motions.
Since the RUM actuated system is under-actuated, the control input is based on the
amount of coupling between the actuator and the telescope. Therefore, to further
understand the controllability of Model 3, a coupling index measuring this coupling is

necessary.

6.5 Coupling index — RUM Actuated System

Unlike Models 1 and 2, Model 3 lends significant insight into the amount of
coupling available for control. In the next few sections the coupling index is

calculated and compared for each model.

6.5.1 Model 1 Coupling index

Putting Model 1 into Equation (67) form results in Equation (75).

Ipoy 0 0 4, 0 73
0 I O| g |+| 2¢gmrsin(q,) [=|0 (75)

0 0 I|qg —2q,mr cos(q,) 0

Using (75) to calculate the M, matrix results in Equation (76).
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v _[IE o]
S N (76)

el

- 0
M, =Mml7Mpa =|:O:|

The following observations are made from this result:

1. Indicates that it is not possible to control the elevation joint and cross-elevation
joint at every instant via coupling to the RUM joint.

2. Appears to contradict earlier findings on controllability condition in Section 6.4.1.
This index, however, measures inertia coupling only and does not account for
coriolis or centripetal coupling which are important factors in RUM control. M, =
0 is consistent with the fact that Model 1 does not account for coupling of the
elevation and cross-elevation axes to the RUM via inertia terms. This analysis
shows that the inertia terms cannot be ignored in modeling the RUM actuated
system.

3. The pdinting motion observed in Model 1 tests are generated strictly from

centripetal terms as previously observed.

6.5.2 Model 2 Coupling index

Putting Model 2 into Equation (67) form results in Equation (77).
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/ RUM 0 0 % 0 73 (7 7)
—2mrdcos(q;) I 0 || g |+| 2¢mrsin(q,) |=|0
—2mrdsin(q,) 0 I, |4, | |-2¢.mrcos(q) 0

Using Equation (77) to calculate the M, matrix results in Equation (78).

o
0 I,
~2mrd cos(q,)
p = [— 2mrdsin(q3)J
- 2mrd cos(qy
M, =MM, = _ 2mrd sin(qs)/IIE
X

The following observations are made from this result:

1. Indicates that the passive joints are both controlled via dynamic coupling with the
active joints.

2. The terms in this coupling matrix were previously identified as the reaction terms
in Chapter 2 analysis. These terms keep the telescope from pointing when a
variable RUM velocity control is used. In essence, they “control” the telescope so
that variable speed cannot affect pointing motion.

3. Since the number of active joints (# = 1) is less than the number of passive (p = 2),

one of the passive joints cannot be independently controllable at every instant. In
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fact, it appears there is a trade off between control of each axis as ¢; rotates from 0

to 2w again showing the periodic controllability of the system.

6.5.3 Model 3 Coupling index

Putting Model 3 into Equation (67) form results in Equation (79).

’733 h31 h, g o 73 (79)
2h; by, hy || G [+C@G,9g=|0
2h23 th hZZ qz 0

Where: Hy; is as previously defined in Chapter 4 and Appendix C and C(§,4)§ are the
coriolis and centripetal terms.

Using Equation (79) to calculate the M, matrix results in;

Myl ]

o f
2,

M __M—l _ Mcll
- P e MZ]

Where detailed values for M. are shown in Appendix D. The following observations

are made from this result:

1. The M, matrix is a function of the RUM position angle and the cross-elevation
position angle only. There is no elevation position term in the matrix. This

indicates that the coupling of the RUM actuator to the elevation joint is through
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the cross-elevation joint. This makes sense physically since the elevation joint is
in the base frame.

2. The reaction terms are in the M, matrix similar to Model 2 but there are other
inertia terms that might be used for control.

3. Since the number of active joints (» = 1) is less than the number of passive (p = 2),
one of the passive joints cannot be independently controllable at every instant of

time.

6.5.4 Summary

The coupling index is an important tool used in controllability and reachability
analysis. In the RUM actuated case, however, it only shows part of the picture
involved in control. It verifies the observations made in the variable RUM rate
analysis and explains how the inertias couple to prevent pointing motion. It does not
show the influence of coriolis and centripetal terms which are major factors generating

scanning motion.

6.6 Modifications to Control Input

The controllability condition analysis of Model 3 indicates that the RUM
actuated system is controllable. The control index analysis indicates that the system is
not controllable at every instant of time. It also indicates that the coupling, although

present, may not be enough to affect an efficient pointing control scheme. This
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section discusses possible control scheme changes that may achieve the desired
pointing control.
Using Polites’ original control scheme shown in Equation (62), one possible
change in the control input would be to vary the RUM speed above the nominal speed
instead of varying it above and below the nominal speed as suggested by Polites.

Figure 36 shows a comparison between the two speed profiles.

Reference Velocity Comparisons
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Figure 36 Speed Profile Comparison

This control is accomplished by using RUM velocity and position feedback and

simply adding an off-set to the reference RUM speed as shown in Equation (81).
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@81)

931y = (nominal speed + %) + %cos(qs +¢)

Where A is the change in maximum to minimum RUM speed and ¢ is a phase shift
term used to adjust the location of RUM acceleration and deceleration in each
revolution. By varying the RUM speed above the nominal speed, an average speed
change occurs. Note that this is different than just changing the RUM velocity to a
higher constant value. Changing to a higher constant RUM velocity results in a faster
scan only, without pointing motion. Varying the RUM speed as shown in Figure 36
results in initiating multiple transient responses as the RUM speed goes from nominal
speed to maximum speed. It is analogous to turning the system on and off and using
the small transient behavior to affect pointing. Note that varying the RUM speed
above the nominal also allows for a larger change in velocity (A) during each
revolution of the RUM without worrying about the velocity going negative which is a
problem with the original control input. Having a nominal speed above zero ensures a
non-zero RUM velocity, essential for control. Theoretically there would be an
infinitely large control input available for pointing actuation which may solve some of
the control issues addressed earlier. Practically, however, power is limited and at a
premium. Therefore it must be conserved and used efficiently. Figure 37 shows the

results of the change in control input for cross-elevation axis motion using A = 4.
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Elevation position vs X-Elevation position
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Figure 37 Cross-Elevation Axis Motion with New Control (30 sec simulation)
For elevation axis motion, a much larger A is required in the reference speed to induce

a similar amount of motion. Figure 38 shows the results of elevation axis motion for

A ten times that used for the cross-elevation motion.
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Elevation position vs X-Elevation position
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Figure 38 Elevation Axis Motion with New Control (A times 10)

The following significant observations result from the new control input:

L.

Hardware limitations and large input requirements will restrict the maximum
RUM speed thus reducing the effectiveness of this control scheme. Another
pointing strategy may be more appropriate. Note that this control scheme has not
been tested on the actual system.

It would appear that the motion in cross-elevation axis and elevation axis should
be symmetric. Linearized models of the system will be symmetric but non-linear
models of the system may not be. Another example of the asymmetry in the

system is the existence of a singularity in one axis but not in the other. Since the
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elevation axis motion is defined in the base frame, the use of a universal (U) joint
configuration at the gimbal mount in the RUM system introduces a singularity
when the RUM rotation is in the same plane as the elevation axis motion. The
singularity occurs because the RUM axis motion cannot be distinguished from
elevation axis motion. This type of configuration contributes to the asymmetry in
the motion of the elevation and cross-elevation axes. Even with this asymmetry,
some pointing motion is possible with the new control input. Note that if the base
frame motion is changed from elevation axis motion to cross-elevation axis
motion, the singularity is switched as well.

The difference in cross-elevation axis and elevation axis motion and control
requirements is also partly explained by the coupling index from Section 6.5.3.
The absence of the elevation axis variable in the M, matrix and the fact that there
are more passive joints than active joints indicates that one passive joint cannot be
controlled at every instant.

There is a significant amount of coupling between axes that in essence prevents
large pointing motions in the elevation axis. This could account for the success of
the disturbance test conducted in Chapter 2. A small disturbance in the elevation
axis did not have muéh impact on the motion of the telescope when Polites’
control scheme is implemented. Again, the coupling index from Section 6.5.3

helps explain this phenomenon.
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6.7 System Configuration Changes

Using the single RUM control strategy only may not be the most efficient or
practical means of controlling pointing. A possible solution to the under-actuated
control issues raised previously is to add another actuator. One obvious solution is to
allow the RUM arms to rotate without the 180° spatial displacement requirement.
This would in essence add an additional actuator to the system by using the hardware
already present. There would be four joints with 4 degrees of freedom and two
actuators available to control them. This, however, would cause lateral motion about
the center of mass of the telescope causing pendulum like oscillations in the balloon
borne system. Polites originally designed the RUM actuated system with the 180°
spatial displacement to prevent this lateral motion because it destabilizes the gondola
platform and makes the balloon borne telescope unusable. This configuration,
however, could be used for a space borne system since the lateral motion could be
used for pointing. The space borne system will require extensive model changes due
to the increased degrees of freedom compared to the current gimbal mounted model.
This configuration will be addressed in the future work section of Chapter 7. Two
other possible actuator additions are promising. They are a variable gimbal braking
actuator and a variable RUM arm length actuator. These configurations are

investigated in the next two sections.
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6.7.1 Variable Gimbal Braking

One possible solution to reducing the auxiliary control system hardware may
be to reduce the complexity of the system by using simple brakes at the gimbal mount
instead of torque motors, reaction wheels or CMGs. Obviously this configuration
would only be suitable for balloon borne systems because the braking system requires
a platform to brake against. Simple brakes have been used on numerous occasions as
a simple way to increase actuation for under-actuated systems [23,25]. A variable
braking system would apply a friction force at the gimbal mount in the elevation and
cross elevation axis. The RUM would rotate at a constant speed and the braking
would be synchronized with the RUM position to affect pointing in different
directions. Equation (82) shows an example of the friction force generated by the
braking system necessary for pointing control.

82)

7, =—(0.5+0.5cos(g, + #))q,
7, =—(0.5+0.5cos(g, + #))q,

This configuration would take advantage of the RUM motion and allow the telescope
to continue scanning at the same time it was being pointed. ¢ is used to change the
direction of the pointing command. Figure shows the open loop response to such a

command for ¢ = 45°.
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Elevation position vs X-Elevation position
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Figure 39 Variable Gimbal Braking Pointing Actuation

6.7.2 Pointing Control using Variable RUM Arm Length

Adding an actuator to vary the RUM arm length is another possible solution to
the under-actuated control issues raised previously. In this configuration, the RUMs
will continue to rotate as before (i.e. 180° spatial displacement) at a constant velocity
but the RUM arm length would vary during each revolution. Since the variable arm
length adds new dynamics to the system, a new model is required. Applying the

Lagrange Formulation to this new configuration results in equations of motion given

by Equation (83).
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hy hy, 2hy 2h, | 4§, Ch Cn 265 2¢4 4 0
hy hy 2h, 2h, | 4§, Cn Cn 20y 2¢414, _ 0
hy hy by 0 |4, Cy € Oy Cy |4 73 83)
hy hy 0 hy |4, Co Co Ci Cu | 9s T4

where: ¢, and §; are the RUM angular velocity and acceleration, respectively and

4, and §, are the RUM arm velocity and acceleration, respectively. Varying the RUM

arm length by as little as 1.2 inches (from 6 inches to 7.2 inches) generates

considerable pointing motion as shown in Figure 40.

Elevation position vs X-Elevation position
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Figure 40 Variable RUM Arm Length Pointing Actuation
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Therefore, variable RUM arm length appears to be an effective method for
accomplishing scanning and pointing. Since the 180° spatial displacement in RUM
positions is maintained, lateral motion should be eliminated making this configuration
suitable for both balloon and space borne systems. Varying the RUM arm length,
however, will require another actuator, meaning major hardware changes to the
physical system.  This will require an investigation into the mechanical
implementation of another actuator. Some suggested ideas are a geared camshaft that
can provide a variable arm length at different locations in the RUM’s rotation or a
spring loaded telescoping arm. This configuration does eliminate the requirement for
an auxiliary control system but it may be difficult and complicated to implement

physically.

6.8 Conclusions

This chapter investigates the feasibility of pointing control using RUM
actuators. System controllability condition and coupling index are two valuable tools
used in reachability analysis. Each has its limitations and must be used carefully. The
controllability matrix can be quite complex and the coupling index shows only the
inertia coupling. This chapter also provides a sampling of different pointing control
strategies and configurations. Model 3 provides a detailed representation available for
control, but discovering that control scheme will require considerable research. Simple

control schemes, such as a variable RUM rate control do not appear to be highly
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effective for pointing control at this point in the research. Two simpler solutions are
variable gimble braking or variable RUM arm length configurations and control
schemes. Implementation of these will require substantial hardware changes but will
reduce or eliminate the auxiliary control system requirements. Much more research is
required to determine a control strategy and configuration that will be effective and
efficient for pointing actuation.

The RUM actuated system contains very complex dynamics. Under-actuated

system analysis has shown that a 3 degree of freedom system cannot be controlled at

every instant of time by a single actuator. That does not mean, however, that the

RUM actuated system is not usable. For example, a single RUM actuator successfully
produces accurate scanning motion. This begs the question, “Is the motion generated
by the actuator a motion we can use (but may not be able to control at every time
instant but possibly on average)?” In other words, if the RUM device actuates motion
that can be used for scanning, perhaps other physical properties of the RUM device
can be controlled to give the pointing motion desired. Further research is required in

this area.



CHAPTER 7

FUTURE WORK AND CONCLUSIONS

The RUM device was developed at NASA to partially meet the unique control
challenges of space and balloon-borne gamma ray and x-ray imagining telescopes.
This dissertation takes the analysis of this unique actuator to a new level. It provides a
systematic method of modeling the RUM actuated system. The modeling approach
draws from robotics but extends the application of the Denavit-Hartenberg (DH)
coordinate convention and the Lagrange Formulation to this unusual “robot”
configuration. The RUM actuated system is unique in a robotic sense since it is not an
efficient use of joints or links and is under-actuated, having only the RUM torque
motors for actuation. Through the application of this modified modeling approach,
this dissertation provides the first known complete model of the RUM actuated
system. Prior models do not accurately account for coupling between the telescope
axes and the RUM device or provide an accurate prediction of telescope motion under
all operating conditions.

Obtaining this complete model facilitates detailed control analysis, which helps
determine the feasibility of pointing actuation using the RUM device. This analysis
draws from non-linear reachability conditions and the dynamic coupling index. The

results of the feasibility study indicate that simple variable RUM rate control schemes
124
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do not appear to be highly effective for pointing control. Experimental simulations
give insight into the physical behavior of the system. The results show that pointing
motion generated by RUM rotation is due primarily to start-up transient behavior.
System configuration changes, such as variable gimbal braking or variable RUM arm
length, appear to be effective means of obtaining pointing but substantial hardware
changes are necessary. These approaches, however, will help simplify or eliminate the
auxiliary control system. The feasibility study also points out the limitations of
existing analysis tools. For complex systems, the Lie Bracket calculations quickly
become unmanageable and the coupling index provides valuable information about the
inertia coupling but does not account for coriolis or centripetal coupling, a major
factor in RUM actuated motion. Analysis of the RUM actuated system is a rich and in-
depth area of research. It yields numerous other areas of study that will lead to years

of future research topics as discussed in the next section.

7.1 Future Research

1. RUM Phasing

Allowing the RUM arms to rotate independently from each other seems to be
the next logical approach for increasing the number of actuators since the hardware is
already in place, i.e. the two RUM actuators can be phased different by control alone.
Increased computing power will be required and there are certain drawbacks to using
the RUM:s in this manner as discussed in Chapter 6. Also, since lateral motion may be

a by-product of the RUM phase approach, some experiment modification will be
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necessary. The telescope (I’ beam) must be suspended to simulate a gondola
configuration. Suspending the telescope will allow lateral motion and a more accurate
experimental setup. Model 3 must be modified to allow for lateral motion in the
cross-elevation and elevation axis plus rotational motion in the line of sight axis.
2. Variable RUM Arm Length

Simulations involving variable RUM arm length appear to show a promising
method for accomplishing scanning and pointing. Varying the RUM arm length,
however, requires another actuator which means major hardware changes.
Investigation into the mechanical implementation of another actuator is necessary.
Some suggested ideas are a geared camshaft that can provide a variable arm length at
different locations in the RUM’s rotation. The development of a closed loop control
scheme incorporating elevation and cross-elevation motion is necessary as well.
3. Variable Gimbal Braking

Variable gimbal braking appears to be the most effective and accurate pointing
control scheme studied in this dissertation. It takes advantage of the RUM motion and
is considerably less complex than other Auxiliary Control System (ACS) hardware.
Again, hardware changes are necessary along with the development of a closed loop
control scheme
4. Linear Scan Configuration

The circular scan was originally studied because two axis pointing is necessary

for telescope applications and both elevation axis and cross-elevation axis motion are
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affected with the circular scan configuration. Since it was shown (in Chapter 6) that
3-degrees of freedom cannot be controlled at every instant by a single RUM actuator,
perhaps a step back is necessary. The linear scan configuration meets the minimum
coupling index criteria (i.e. there must be at least as many active joints as passive
joints).  Studying the linear scan motion may provide some clues and possible
solutions to using a single actuator to accomplish pointing along a single axis (i.e. one
axis pointing may be possible with a single actuator). This is an easier problem that
may shed light on single actuator control but it may not directly apply to the circular
scan configuration.
5. Unique Actuators

Unique types of actuators, such as the RUM device, provide a wealth of
potential research topics in the area of controlling mechanical systems. The RUM
device is a unique actuator because it uses centripetal force to affect motion. Further
investigation is warranted to determine what other types of actuators are available and
whether they have similar modeling and analysis issues as those encountered with the
RUM actuated system. The question to ask when looking at these types of actuators is
not whether they are completely controllable but whether the motion generated by the
actuators can be used in some form to control mechanical system behavior? Perhaps

another actuator can provide the pointing motion as part of its physical properties.
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6. Under-actuated Systems

Under-actuated system analysis has shown that a 3-degree of freedom system
cannot be controlled at every instant by a single actuator. But, the RUM system is
controlled in the scanning mode with a single actuator. This is because the motion of
one axis depends on the motion of the other axis. This dependence is very predictable
and can be controlled by changing system parameters such as RUM arm length and
RUM mass. The RUM actuated system appears to fit into the category of
‘nonholonomic’ systems. Nonholonomic systems are best described by comparing
them to ‘holonomic’ systems. Given two points in space, A and B, a holonomic
systems can take arbitrary paths to get from one point to the other. For nonholonomic
systems, motion between points A and B are constrained to specific paths [26].
Examples of nonholonomic systems are automobiles, space-based robot manipulators,
and orbiting satellites. A classic example of controlling a nonholonomic system is
parallel parking a car. The car must be moved along a certain path to move the car
into the parking space. Backing the car into the space is the optimum solution. The
RUM system may be a similar situation. The RUM must rotate in order to affect
elevation and cross-elevation axes motion. This motion constrains the path that the
elevation and cross-elevation axes can take. Ifunlimited power is available, RUM rate
variations will generate pointing along this constrained path. If not, another approach
is necessary similar to backing the car into the parking space. The discovery of these

types of control are usually ad hoc in nature and will require considerable research.
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7. Additional Non-linear Analysis Tools

Limitations in the reachability analysis tools appear to indicate a need for

additional non-linear analysis tools. A tool that is not unduly complicated is needed to

analyze the coupling of centripetal, coriolis, and gravitational terms. These three

terms may be significant factors in the control actuation of certain systems (. g

gravity gradient control of space satellites). Having an analysis tool that can describe

their coupling with other system dynamics would greatly facilitate reachability

analysis.

7.2 Summary of Contributions

The research presented in this dissertation provides a number of contributions

in the area of RUM actuated system modeling, analysis, and control as follows:

Developed the first model that accounts for nonlinear coupling between payload
axes and the RUM devices (Chapter 4).

Showed that the model agrees with pointing control experimental results (Chapter
5). In contrast, earlier models give incorrect predictions.

Identified dynamic effects (terms in the model) that prevent pointing (Chapter 6).
Placed the pointing problem in the framework of under-actuated robotic systems
(Chapter 6). Showed that necessary conditions for pointing control are not
satisfied by present system. | |
Identified several potential solutions to the pointing problem (Chapter 6).

Identified numerous other areas of study that will provide years of future research.
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7.3 Closing Thoughts

This dissertation has taken a significant step toward the development of a
comprehensive attitude control strategy for RUM actuated systems by providing the
first complete system model and initial control analysis. The detailed model developed
in this dissertation provides a valuable tool for continued research in the area of
pointing control. Even though the system does not appear to be completely
controllable, that doesn’t mean it is not useable. Perhaps it is a matter of determining

a better control approach that accounts for these system limitations.



[1]

[2]

[3]

[4]

[5]
[6]

[7]

[8]

[]

[10]

[11]

BIBLIOGRAPHY

ME. Polites, “New Method for Scanning Spacecraft and Balloon-
Borne/Space-Based Experiments,” Journal of Guidance, Control and
Dynamics, vol. 14, No. 3, May-June 1991, pp. 548-553.

M.E. Polites, “Rotating-Unbalanced-Mass Devices and Methods of Scanning
Balloon-Borne Experiments, Free-Flying Spacecraft, and Space Shuttle/Space
Station Attached Experiments,” U.S. Patent #5, 129,600, NASA, Washington,
D.C. July 14, 1992.

D.C. Alhorn and ME. Polites, “Rotating Unbalanced-Mass Devices for
Scanning : Results from the Proof-of-Concept Test,” Guidance and Control
1994, Vol. 86, Advances in the Astronautical Sciences, Edited by R.D. Culp
and R.D. Rausch, American Astronautical Society, 1994.

J. Cornell and J. Carr, Editors, Infinite Vistas: New Tools for Astronomy, New
York, Charles Scribner’s Sons, 1985.

M. Bass, Editor in Chief, Handbook of Optics, McGraw-Hill, Inc. 1995

R A Sunyaev, etal, ‘“Highlights from the KVANT Mission,” Advances in
Space Research, Vol 10, No. 2, 1990, pp. 41-46.

J.J. Sellers, Understanding Space: An Introduction to Astronautics, McGraw-
Hill, Inc. 1994.

J.P. Ducarteron and J.P. Treithou, “Resonance Frequencies of a Gondola
Submitted to a Forced Rotation under a Stratospheric Balloon,” Advances in
Space Research: Scientific Ballooning, Vol 13, No. 2, Feb

JY. Hung, D.A. McGee, M.E. Polites, D. Alhorn, “Spacecraft Pointing and
Scanning using Rotating Unbalance Masses,” Project Summary Report,
NASA/ASEE Summer Faculty Fellowship Program, Marshall Space Flight
Center, Huntsville, AL, Aug 1996.

AJ. Koivo, Fundamentals for Control of Robotic Manipulators, John Wiley
& Sons, 1989

B. Friedland, Advanced Control Techniques, McGraw-Hill, 1995.
131



[12]

[13]
[14]

[15]
[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

132

Z. Qu and D.M. Dawson, Robust Tracking Control of Robot Manipulators,
IEEE Press, 1996.

J.-J.E. Slotine and W. Li., Applied Nonlinear Control, Prentice Hall, 1991.

C.A. Bishop, J.Y. Hung, M.E. Polites, D.C. Alhorn, “Pointing and Scanning
Control of Optical Instruments using Rotating Unbalanced Masses,” Guidance
and Control 1997, Vol. 94, Advances in the Astronautical Sciences, Edited by
R.D. Culp and S.B. Wiens, American Astronautical Society, 1997.

Goldstein, H., Classical Mechanics, Addison-Wesley, 1959.

H. Asada and J.J.E. Slotine, Robot Analysis and Control, John Wiley and Sons,
1986.

M.W. Spong and M. Vidyasagar, Robot Dynamics and Control, John Wiley
and Sons, 1989.

JH. Ginsberg, Advanced Engineering Dynamics, Cambridge University
Press,1995.

J.Y. Hung, J M. Gallaspy, C. A. Bishop, M.E. Polites, D.C. Alhorn, “Dynamic
Models of Instruments Using Rotating Unbalanced Masses,” Project Summary
Report, ASEE/NASA Summer Faculty Fellowship Program, Marshall Space
Flight Center, Huntsville, AL, Aug 1997.

D.C. Alhorn and M.E. Polites, “Results of a Laboratory Experiment That Tests
Rotating Unbalanced-Mass Devices for Scanning Gimbaled Payloads and
Free-Flying Spacecraft,” NASA TP-3458, NASA Marshal Space Flight Center,
AL, January 1994,

C. Moler, “Golden ODEs, “New Ordinary Differential Equation Solvers for
Matlab and Simulink,” Matlab News and Notes, Summer 1996.

K. Ogata, Modern Control Engineering, Prentice Hall, Inc., Englewood Cliffs,
N.J., 1970.

M. Bergerman, C.Lee, Y. Xu, “A Dynamic Coupling Index for Underactuated
Manipulators,” Journal of Robotic Systems, 12 (10), 1995, pg 693-707.



133

[24] W.L. Brogan, Modern Control Theory, Prentice Hall Inc., Englewood Cliffs,
N.J, 1991.

[25] M. Bergerman and Y. Xu, “Robust Joint and Cartesian Control of

Underactuated Manipulators,” Journal of Dynamic Systems, Measurement, and
Control, Vol 118, Sept. 1996, 557-565.

[26] AW. Divelbiss, “Nonholonomic Motion Planning in the Presence of
Obstacles,” Ph.D. dissertation, Dept. of Electrical Engineering, Rensselaer
Polytechnic Institute, Troy, New York, Dec. 1993.



APPENDIX A

KINEMATIC MODELING DETAILS

1. Homogeneous Transformations:

A34 =

cos(thetal) 0
sin(thetal) O

sin(thetal) 0
-cos(thetal) 0

A0l = 0 1 0 0
0 0 0 1
-sin(theta2) 0 cos(theta?) 0
_|cos(thetaZ) 0 sin(theta?) 0
Al2 = 0 1 0 0
0 0 0 1
1 0 00
0100
A23 = 00 1 4
0 0 0 1
cos(thetad) -sin(thetad) O rcos(thetad)
sin(thetad) cos(thetad) O rsin(thetad)
0 0 1 0
0 0 0 1
1 0 0 0
010 0O
A25 = 00 1 -d
0 0 0 1
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cos(thetab) -sin(thetat) 0 -rcos(thetal)
sin(thetal) cos(theta) O -rsin(thetal)
AS6 =
0 0 1 0
0 0 0 1

2. Kinematic Equations:

A4 =

[-cos(zhetal) sin(thetal)) cos(thetad) + sin(thetal ) sin(thetad) ,
cos(thetal ) sm(thetal) sin(thetad) + sin(thetal ) cos(thetad) ,
cos(thetal ) cos(thetal) , -cos(thetal) sin(thetal) r cos(thetald)
+ sinthetal ) r sin(thetad) + cos(thetal ) cos(thetal ) d]
[-sin(thetal ) sin(thetal) cos(thetad) — cos(thetal) sin(thetad) ,
sin(thetal) sin(thetal ) sin(thetad) — cos(thetal ) cos(thetad) ,
sin(thetal) cos(thetal) , -sin{thetal) sin(thetal) r cos(thetad)
— cos(thetal) r sin(thetad) + sin(thetal) cos(thetal ) d)
[cos(thetal ) cos(thetad) , -cos(thetal) sin(thetad) , sin(thetal),
cos(thetaZ) r cos(thetad) + sin(theta2) d]

[0,0,0,1]

A06 =

[-cos(tketal) sin(thetal) cos(thetal) + sin(thetal ) sin(thetat) ,
cos(thetal ) sin(thetal ) sin(thetal) + sin(thetal ) cos(thetab) ,
cos(thetal ) cos(thetal) , cos(thetal ) sin(thetal) r cos(thetat)
— sin(thetal ) r sin(thetal) — cos(thetal) cos(theta?) d]
[-sin(thetal) sin(thetal ) cos(thetal) — cos(thetal) sin(thetal) ,
sin(thetal ) sin(thetal ) sin(thetal) — cos(thetal ) cos(thetat) ,
sin(thetal ) cos(thetal) , sin(thetal) sin(thetal) r cos(thetal)

+ cos(thetal) r sin(thetad) — sin(thetal) cos(thetal) d]
[cos(thetal) cos(thetal) , -cos(thetal) sin(thetal) , sin(thetal) ,
-cos(thetal) r cos(thetal) — sin(thetal) d]

[0,0,0,1]



APPENDIX B

VELOCITY JACOBIANS

1. Linear Velocity Jacobians:

JLI=|0 0 0 O

JL2={0 0 0 O

JL3 =|0

o
(o)
o

JL4 =
[sin{thetal) sin(thetal ) r cos(thetad) + cos(thetal ) r sin(thetad)
— sin{thetal ) cos(thetal) d ,
-cos(thetal ) cos(thetal ) r cos(thetad) — cos(thetal ) sin(theta?) d ,
sin(thetal) r cos(thetad) + sin(thetal ) cos(thetal ) r sin(thetad) , 0]
[-cos(thetal) sin(thetal) r cos(thetad) + sin(thetal ) r sin{thetad)
+ cos(thetal ) cos(thetaZ) d ,
-sin(thetal ) cos(thetal ) r cos(thetad) — sin(thetal ) sin(thetal) d ,
~cos(thetal ) r cos(thetad) + sin(thetal ) sin(thetal) r sin(thetad) , 0]
[0, -sin(thetal) r cos(thetad) + cos(theta?) d , -cos(thetal) r sin(thetad) , 0]

0 0 0 0
JLY =0 0 0 O

0 0 0 0
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JLE =
[-sin(thetal ) sin(thetal) r cos(thetal) — cos(thetal ) r sin(thetat)
+ sin(zhetal ) cos(thetal) d,
cos(thetal) cos(thetal) r cos(thetat) + cos(thetal ) sin(theta2) d , 0,
-sin(thetal ) r cos(thetal) — sin(thetal) cos(thetal ) r sin(thetat) ]
[cos(thetal) sin(thetal) r cos{thetal) — sin(thetal) r sin(theta)
~ cos(thetal) cos(theta2) d ,
sin(thetal) cos(thetal) r cos(thetal) + sin(thetal ) sin(thetal) d , 0,
cos(thetal ) r cos(thetal) — sin(thetal ) sin(thetal ) r sin(thetat) ]
[0, sin(thetal ) r cos(thetal) — cos(thetal) d , 0, cos(thetal) r sin(thetat) ]

2. Angular Velocity Jacobian:

0O 0 0 0

JAl =0 0 0 O

1 0 0 0
[0 sin(thetal) 0 0]
JAZ2 =10 -cos(thetal) 0 0
| 1 0 0 0
[0 sin{thetal) 0 0]
JA3 =|0 -cos(thetal) 0 O
[ 1 0 0 0

0 sin(thetal) cos(thetal) cos(theta?) 0
JA4 =0 -cos(thetal) sin(thetal) cos(theta?) O
1 0 sl thetal) 0

0  sin(thetal) 0 0
JAS =|0 -cos(thetal) 0 O
1 0 00



APPENDIX C

H AND C MATRIX VALUES

Notational note for H(g) and C(q,¢) calculations:

thetal = g, thetaldot = ¢,
theta2 = g, theta2dot = g,
theta4 = theta6 = ¢, thetad4dot = theta6dot = ¢,

1. H(g) Matrix:

H[ 1,1] = (-2 mRUMrz cos(tketa4)2 +2 mRUMd2 +I£e£X) cos(tkezaZ)z

— 4 mRUM sin(thetal) r cos(thetad) cos(thetal) d + 2 mRUMr2

H[ 1,2] = (-2 e RUM r2 cos(thetal ) cos(thetad) — 2 mRUM r sin(theta?) d) sin(thetad)

H[ 1,3] =-mRUM r cos{thetal) d cos(thetad) + mRUM r? sin(thetal)
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Ho| 4= mRUMr cos(theta2) d cos(thetad) + mRUM 2 sin(theta2)
Hoy 1= (-2 mRUM 2 cos(theta2) cos(thetat) — 2 mRUM r sin(theta2) d) sin{thetad)
Hey o=l +2 mRUM d® + 2 mRUM r? cos(thetad)?
Hey 3= mRUMr sin(thetat) d
Hey 4= "RUMr sin(thetat) d
Hey )= mRUM r cos(theta?) d cos(thetad) + mRUM r sin(theta2)
H[ 3.2] = -mRUM r sin(thetad) d
=mRUM r?
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H[3,4]:=0

H[4 1] = -mRUM r cos(thetal) d cos(thetad) + mRUM r° sin(thetal)

H[4, 2] =-mRUM r sin(thetad) d

H[4'3]:=0

[ ’ I ]

2. C(q,q) Matrix Values

c[ 11] = (-4 mRUMcos(theZa2)2 r cos(thetad) d

+ (el - 2 mRUM 42 + 2 mRUM r2 cos(thetad)) sin(theta2) cos(theta?)
+2 mRUM r cos(thetad) d) thetaZdot +

2 mRUM cos(zhezaz':')z r2 cos(thetad) sin(thetad)

+2 mRUM sin(thetal) r sin(thetad) cos(thetal) d) thetaddot
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c[ 2] = (-4 mRUMcos(tkeﬁa2)2 r cos(thetad) d

+ (el — 2 mRUM 4% + 2 mRUM r cos(thetad)2) sin(theta?) cos(theta2)
+ 2 mRUM r cos(thetad) d) thetaldot + (

2 mRUM r2 sin(thetad) sin(theta ) cos(thetad)

= 2mRUM r sin(thetad) cos(thetal) d) thetaZdot

+ (2 mRUM ¥ = 2 mRUM r2 cos(thetad)2) cos(theta2) thesaddot

c[ 1,3] = (mRUM sin(thetal) r sin(thetad) cos(thetal) d

+mRUM cos(tketaZ)2 r2 cos(thetas) sin(thetas )) thetaldot

+ (mRUM P2 cos(thotat)® + mRUM r2) cos(theta2) thetaddot
+mRUM r sin{theta4) cos(thetal) d thetaddot

14 (mRUM sin(theta2) r sin(thetad) cos(theta2) d

+ mRUM cos(theta2)? r® cos(thetad) sin(thetad)) thetaldot

+ (omRUM P2 cos(thetad)? + mRUM r2) cos(theta?) theta2dot
+mRUM r sin(thetad) cos(thetal ) d thetaddot

a1y (4 mRUM cos(theta2)? r cos(thetad) d

+ (-2 mRUM r2 cos(thetat)® +2 mRUM d° + ItelX) sin(theta2) cos(theta?)
— 2 mRUM r cos(thetad) d) thetaldot +

(-2 mRUM r® cos(:hezaé?)z cos(thetal) — 2 mRUM r cos(thetad) sin(thetal) d)
thetaddot
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c[ 2,2] = -2 mRUM r? cos(thetad) sn(thetad) thetaddot

c[ 23] = (—mRUMrz cos(zheta4)2 cos(thetal ) — mRUM r cos(thetad) sin(thetal) d)

thetaldot — mRUM r® cos(thetad) sin(thetad) thetaldot
- mRUM r cos(thetad) d thetaddot

g 41 (-mRUM r2 cos(thetad)? cos(theta?) - mRUM r cos(thetad) sin(theta2) d)

thetaldot - mRUM r® cos(thetad) sin(thetad) thetaldot
— mRUM r cos(thetad) d thetaddot

c[ 3,1] = (—mRUM cos(thetaZ)z 2 cos(thetad) sin(thetad)

— mRUM sin(theta) r sin(thetad) cos(thetal) d) thetaldot +

(mRUM r cos(thetat) sin(theta2) d -+ mRUM r2 cos(thotad ) cos(thetal))
thetaldot

301" (mRUM r cos(thetat) sin(thetaZ) d + mRUM 2 cos(thetat)? cos(theta2))

thetaldot + mRUM r2 cos(thetad) sm(thetad) thetaldot

0[3,3]:=0
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6[3,4]I=0

c[ 4.1] = (—mRUM cos(thetaZ)z r2 cos(theta4) sin(thetad)

— mRUM sin(thetal ) r sm(theta4) cos(thetal) d) thetaldot +

(mRUM r cos(thetad) sin(thetaZ) d + mRUM r2 cos(the£a4)2 cos(zhezaZ))
thetal2dot

c[4 21 = (mRUMr cos(thetad) sin(thetal) d + mRUMr2 cos(zheta4)2 cos(zhemZ))

thetaldot + mRUM r® cos(thetad) sin(thetad) thetaddot

c[4,3]:=0

0[4,4]Z=0



APPENDIX D

COUPLING INDEX - MODEL 3

Notational note for coupling index calculations:

thetal = ¢,
theta2 = g,

thetad = theta6 = q,

Mell =2 rmRUM (IteEY cos(thetal ) d cos(thetad) — 2elY r sin(thetal)
+2mRUM d° cos(theta2) cos(thetad) — 2 mRUM r> cos(thetad)? sin(theta?)
+2 mRUM r? cos(theta2) cos(thetad) d — 2 r mRUM d° sin(theta2) cos(thetat)>)
/ (-cos(theta2)? telX Hel¥ - 2 cos(theta)? ftelX mRUM d°
~ 2 cos(theta2 ) ItelX mRUM r? cos(theta®)? — 2 cos(theta2 )2 mRUM d° ltel¥

-4 cos(tke£a2)2 mRUM2 d4 +2 cos(tketa2)2 mRUMr2 cos(rheta4)2 ItelY
+4 mRUM sin(thetal) r cos(thetad) cos(thetal) d ltelY

+ 8 mRUM? sin(theta2) r cos(thetad) cos(theta2) d° — 2 mRUM r2 ltel¥
— 4 mRUM? 4 cos(!}zem4)2 +4 mRUM? /4 cos(themZ)z cos(tketa4)2
+ 8 mRUM? 3 cos(thetal ) cos(thetad) sin(theta?) d

— 4 mRUM® r% 42 cos(theta2)? — 4 mRUM? 12 42 cos(thetad)>
+4mRUM? r2 22 cos(theta2)? cos(thetad)2)
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Mc2! =2 mRUM r sin(thetad) cos(thetal ) (-2 mRUM r3 cos(thetad) sin(thetal)
— 2 mRUM r sin(theta2) d° cos(thetad) + 2 mRUM r? d cos(theta2)
+d cos(theta2) ltelX + 2 mRUM cos(theta2) d°) [ (-cos(theta2)? Itel tely

-2 cos(ihezaZ)z JtelX mRUM d* - 2 cos(the!.a2)2 ItelX mRUM r* cos(the£a4)2
-2 cos(thetaZ)z mRUM d° ItelY — 4 cos(thetaZ)z mRUM2 d4

+2 cos(theta2)? mRUM r? cos(thetad)? kel?
+4 mRUM sin(theta2) r cos(thetad) cos(thetal) d ltelV

+8 mRUM? sin(theta2) r cos(thetad) cos(theta2) d> — 2 mRUM r? ItelY
-4 mRUM2 2 cos(theta4)2 +4 mRUM? 4 cos(theta2)2 cos(theza4)2
+8 mRUM2 r3 cos(thetal ) cos(thetad) sin(thetal) d

— 4 mRUM? r2 d2 cos(theta2)? — 4 mRUM® r2 d2 cos(thetad)

+4 mRUM? r2 a2 cos(theta.?)z cos(zhe£a4)2)



